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The nonlinear time-fractional Klein—~Gordon equations are a class of fractional partial differential equations which are used
for delineation of some physical phenomena in solid state physics, nonlinear optics, and quantum field theory. In this paper,
the time-fractional Klein—Gordon equations with quadratic and cubic nonlinearities in the context of the conformable

fractional derivative are explored via a recently developed approach named the exp(— ¢(e)) -expansion method. Various
families of solutions, such as the hyperbolic and trigonometric function solutions are formally achieved. Results reveal that
the exp(- ¢(¢)) -expansion method is an efficient tool to derive the exact solutions of nonlinear fractional differential

equations.
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1. Introduction

Nowadays, with the advent of computers and the
computational convenience that they have provided,
seeking the exact solutions of nonlinear fractional
differential equations has gained considerable attention
among mathematicians. Nonlinear fractional partial
differential equations commonly appear in the problems
in which many parameters are involved through their
mathematical modelling. The nonlinear time-fractional
Klein—Gordon equations are a class of such equations
which have wide range of applications in several
scientific disciplines, such as solid state physics,
nonlinear optics, and quantum field theory [1]. There are
different ways to establish the exact solutions of a
nonlinear fractional partial differential equation; but a
straightforward way is introducing a transformation
which converts the original equation into a nonlinear
ordinary differential equation and then solving the
resulting equation. In this respect, a variety of robust
methods, such as functional variable method [2-4],
ansatz method [5-7], exp-function method [8-11],
Kudryashov method [12,13], sub-equation method
[14,15], and ( G'/G )-expansion method [16,17] have
been proposed. One of the new methods which benefits
a wave transformation to generate the exact solutions of

nonlinear  fractional differential equations is the
exp(—¢(e)) -expansion method. The main idea of this

algorithm is that the traveling wave solutions of equations
can be expressed as a polynomial in terms of exp(—g(s)),

in which ¢(¢) satisfies a first-order ordinary differential

equation. Here, some applications of this method are
reviewed. Akbulut et al. [18] employed the exp(—¢(g)) -

expansion method to establish several new exact solutions of
the Zakharov Kuznetsov—Benjamin Bona Mahony and ill-
posed Boussinesq equations. Kaplan and Bekir [19] applied
the exp(—d(e)) -expansion method to construct the exact

solutions of the space-time fractional Jimbo—Miwa
equation, and Kogak et al. [20] utilized the exp(—g(s)) -

expansion method to extract the complex function,
hyperbolic function, and rational function solutions of the
new coupled Konno-Oono equation. For more works, see
[21-57]. In this paper, the exp(—¢(5)) -expansion method is
employed to find the hyperbolic and trigonometric function
solutions of the nonlinear Klein—Gordon equations with
quadratic and cubic nonlinearities in the context of the
conformable fractional derivative.
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2. Preliminaries of the conformable
fractional derivative

Lately, the conformable fractional derivative was
established by Khalil et al. [58], which can resolve the
deficiencies of the previous definitions. Here, the basic
ideas of the conformable fractional derivative are
mentioned [58-60].

Definition 1. Suppose f :(0,50) — R be a function.

Then, the conformable fractional derivative of f of
order « is defined as

l-a
Ta(fxt)zlmgft-l-l't —f(t),
7! T

forall t>0 and o (0]] .
Theorem 1. Suppose o <(01], and f and g be « -
differentiable at t>0. Then

T, (af +bg)=aT,(f)+bT,(g) VYabeR

Ta(t”)=,ut”’“, YueR.
_ l—aﬁ
T, (-t S,

Theorem 2. Suppose f :(0,00)— R be a function such
that f is differentiable and also « -differentiable. Let
g be a function defined in the range of f and also
differentiable. Then

T.(fog)t)=t"“g'(t)f (g(t))

3. Fundamental of the exp(—¢(¢))-expansion
method

Consider a nonlinear partial differential equation
with the conformable time-fractional derivative as

8°u du 8*u d°u

F Uy—— =
( ot ox ot* T ox®

) =0. @

Under the wave transformation u(x,t) = f(g) where

E= X—I(t“/a), Eq. (1) varies into a nonlinear ordinary
differential equation as

G(f,f',f", )=0. @)

Suppose that the solution of Eq. (2) can be considered as
a truncated series in the following form

(o)=Y a, (). ®

n=0

where a , n=01..,N (a,=0 ) are constants to be
evaluated later and ¢(g) is a function that satisfies a first-
order auxiliary nonlinear ordinary equation as

#(e)=exp(- gle))+ uexp(gle))+ 4.

Now, there are several cases.
In the first case, when 4> —44>0 and x=0 |, then

—J A2 —4u tanh["ﬁzz_“l(g +C)J—ﬁ

2u

¢1(5): In

In the second case, when A*—4u>0, =0, and 2 %0,

then
ACE —In( A J

cosh(A(s +C))+sinh(A(s +C))-1

In the third case,when A —44 <0 and u#0, then

2

4y —
Vau—- A tan{’uz/1

2p

@+cﬂ—z

¢3(’9)= In

The value of N is calculated by balancing the highest order
nonlinear term with the highest order derivative term in Eq.
(2). Setting Eq. (3) and its required derivatives in Eq. (2),
gives

P(exp(-¢(¢))=0. @

By equating the coefficient of each power of exp(—g(e)) in

(4) to zero, we will attain a set of nonlinear equations whose
solution yields the exact solutions for Eq. (1).
Note 1. For N =1, the first two derivatives of f(g) are

listed in the following
f'(e)=-a,(exp(~ 24(2))+ 2ex0(~ #(s)) + 1),

2ex(-34(¢))
f"(¢)=a,| +31exp(-24(¢)) . (5)
+ (2 + 2u)ex (= ¢le)) + Au

Note 2. For N =2, the first two derivatives of f(g) are
listed in the following



A study onthe conformable time-fractional Klein-Gordon equations with quadratic and cubic nonlinearities 425

f'(e)=—a,(exp(- 24(c))+ 2exp (- ¢(e)) + 1)
oo ( X0 (= 3¢())+ 2exp(- 2 ())J
+ uexp (- 4(s))

(o) (Zexp(— 39(z))+ 3exp(- 2¢(s))]
+ (2 + 2u)ex0 (- gle)) + u
6exp(—44(¢))+102ex(-3¢(c)) (6)
vay| + (42 + 8u)exp(- 24(c))
+64uexp(-gls))+ 24

4. Application

In the current section, the exp(—g(s)) -expansion

method is exerted to find the hyperbolic and
trigonometric function solutions of the nonlinear Klein—
Gordon equations  with quadratic and cubic
nonlinearities in the context of the conformable
fractional derivative. The computations are performed
using the Maple package.

4.1. Conformable time-fractional Klein—Gordon
equation with quadratic nonlinearity

Let’s consider a time-fractional Klein—Gordon
equation with quadratic nonlinearity in the sense of the
conformable fractional derivative [39]

2a 2
o*u(x,t) G u(x,t)

Pz e +bu(x,t)+cu’(x,t)=0, (7

where t>0 and O<a <1.

Under the transformation u(x,t)= f(¢) in which

g=x—|(t“/a), Eg. (7) varies into an ordinary
differential equation as

(12 +a)f "+ bf +cf =0, @®)

4.1.1. Implementation of the exp(—¢(¢))-
expansion method

By balancing the second-order derivative of f and

the nonlinear term f2 in Eq. (8), we find N =2. So,
Eq. (3) takes the form

f(e) =a, +a (- gs)+a,e0(-2¢(c))  (9)

By substituting (9) and (6) into Eq. (8) and equating the
coefficient of each power of exp(—g(¢)) to zero, we will
get a setof nonlinear algebraic equations as

bay + (a4 + 4ul? o, + (281 + 24717 ), +cal =0,

(1222 + a2 + 247 + 2au + b, +(64ul? +6aiu a,
+2ca,a, =0,

(3212 +3a2)p, + (41222 + 4a4% +841° + 8au + bla,
+ca +2caa, =0,

(217 + 2ala, + (10417 +10a ), + 283, =0,

(612 +6a)a, +caZ =0.
Applying the Maple package, leads to

Case 1.

b/12+2,u 6bA
cla? - (2 —au)
J (22 —au)ar® —sau- b)

i i A —4p

Consequently, the exact solutions of the conformable time -
fractional  Klein—Gordon  equation  with  quadratic
nonlinearity can be identified as

For ##—4u>0 and u#0
b /12+2,u)
ul,Z(X’t)z_m
.
c(ﬂz —4#j VA2 ~4utanh +2
_ ..
c(/iz - 4/4) VA2~ 4utanh +2

For #—4u>0, u=0and 1#0
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b
u3,4(x!t): _E

6

,/—lzia/lz—bi @
cos ){xit

b
+C
A2 a J]
c
+C] -1
[04
6b
,/—lzia/lz—bit“
cosh A{ xt—————~>—+C
o
t -1
[04

12
+C]

w/—/Iziaﬁ,z —bi @
+sinh A[Xit

12

12

C
) J-22(a2? -b)
+sinhf A xt——+——~

For # —4u<0and u#0

b/12+2ﬂj
Ug a(Xt) ==t
56 0(12—4;1
. 12bAu
N4/4—/12
2 (A2 _ 2 pau—
c(/l —4#) 2 \/(x 4u)(a2? - dau bj "
x tan hu =2 X+ 5 ¢ +C[+4
2 AS—4u a
24b,L12

Vau-22

2
\/— (/12 - Ay)[a/lz _dau- b) “ .
o

22 -4y

c(ﬂz - 4,;] Jau - 22 tan

A

+

X[ X%

Case 2.
6bA

6b
LB V- —4u)ar? - 4au+b)
2 C‘lz—4yi,

A —4u

Hence, the exact solutions of the conformable time-
fractional Klein—Gordon equation with quadratic
nonlinearity can be listed as

For # —4u>0and u#0

6b
u718(x,t): 5 4
c(/l —4;1)
~ 12bAu
VA2 —au
2
o 22 ~4u) 32 -4y tan \/_(12_4ﬂj(a/12_4aﬂ+b) @ [
x| X+ 5 —+C
A —4u @
2
+ 24bu -
VA2 —ay
2
2 2
o 2 —4u) 22 ~4u tann \/_(12_4;1)(“2_4%%) |l
x| X+ —+C
22—y a
For #—4u>0, u=0and 1=0

6b

u9,lO(X't):

C

[ zi 2 ) a
+sinh[/1{xi/m+bt+c]}—1

2 a

[ 2‘ 2 ) a
cos{i[xiwt+c]]

A2 a

6b

,/—/14 A2 bi @
Cos{l[xiaZthJrCB
A a
c
w/—lzi A bi @
+Sinh[l{xi;+t+cﬂ—l
a

For ## —4u<0 and

u#0

+

6by
U o(xt)=——"—
1112 c( 2 4 #J
12bAu
4u yy
2
c(,@ —4;:] 4 - 22 tan \/_ (,12 -4y)[a12 —4au+b] @ A
x| X+t 2 +C
A¢—4u a
24b2
VAu- 2%

c(/12 - 4/1) Vau -2 tan

. \/—(12 - 4y)(a12 “dau+ bj @

A2 4y

—+C
a

T
~
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4.2. Conformable time-fractional Klein—Gordon
equation with cubic nonlinearity

Let us consider a time-fractional Klein—Gordon
equation with cubic nonlinearity in the sense of the
conformable fractional derivative [39]

o*u(x,t) _d%u(xt)
atZa a aXZ

+bu(x,t)+cu®(x,t)=0, (10)

where t>0 and O<a <1.

Under the transformation u(x,t)= f(¢) in which
g:x—l(t“/a), Eg. (10) turns into an ordinary

differential equation as follows

(12 +a)f "+ bf +cf* =0, (12)

4.2.1. Implementation of the exp(—¢(g))-
expansion method

By balancing the second-order derivative of f and

the nonlinear term f® in Eq. (11), we get N=1.
Consequently, Eq. (3) becomes

f(2) =2 +a ep(-¢(s)) (12)
By substituting (12) and (5) into Eq. (11) and equating

the coefficient of each power of exp(-¢(s)) to zero, a
setof nonlinear equations will be derived as

ba, +(aﬁy +/1ylz)al+ca§ =0,
(1222 +a? +244% + 2ap-+b)a, +3cala, =0,
(312 +3a4)a, +3caya’ =0,
(217 + 2a)p, +ca® =0.

Applying the Maple package, yields
Case 1.

bA 2y~ bcixlz - 4yi

T R

V- bci/lz - 4,ui ,

V- (7% - 4u)ar® - 4ap - 2b)
A —4u

Consequently, the exact solutions of the conformable
time-fractional Klein—Gordon equation with cubic
nonlinearity can be listed as

For 2 —4u>0and u#0

bA

U,(Xt)= ———
1'2( ) w/—bcw —4/1&
YN bcuz —4u ’

P —du
2
—-(2-4
o2 - 4u) J7 ~ 4ptanh o ‘2
x(a], —4a;1—2b) t¢
x| Xxt—"———=—+C
A —4u a

For #—4u>0 and =0

bA
R ey
2y—bci?

+
,/—/ﬂ 72— 2b) ¢
cos A[XiathrC}
A a
Ac

A a

_ 92 2_2 a
+sinh ﬂ,[xi/mbtJrC] -1

For *—4u<0and =0

ba
(o) e
* V- b(:iﬂu2 —4yi
duyf- b(:u2 - 4;1)

bu- 72
2
2 2 —/12—4,u
o2 - 4p) Jap - 22 tan 2 )
x(a? - 4au - 2) °
A =4u a
Case 2.

b 2\/—bci/12 —4,ui
—bel? -4u oA —4u

J- (72 - 4u)ai? - 4au - 2b)
P —du

Hence, the exact solutions of the conformable time-
fractional Klein—Gordon equation with cubic nonlinearity
can be identified as

For #—4u>0 and u#0



428 K. Hosseini, Yun-Jie Xu, P. Mayeli, A. Bekir, Ping Yao, Qin Zhou, O. Giiner

bA
U78(Xrt): m
‘ —bel# -4u
2
. 4/Nfbcu. 74,ui

wl/lz—4y

2

—(Z-4u
x(a#? — 42— 2b) 1« H
494 TR D) —+C

- X —-4u a

c(# - 4u) J# - 4utanh

X[ X

For ## —4u>0and u=0
bA

Ug1o(X,t) = vyl
2+ —bcA?

l_ Zi 2_ ’ a
cosh[ﬂ[xiwtﬁLCD

V5 a

[ 2‘ 2 _ » a
+sinh {ﬂ[xiwt + CB—l

[

AC

For # —4u<0and u#0

bA
Umz(“FW
- —au
. 4ywl—bci/12—4/1i
Jau -2

2

—(#-4u
x(a? — 4au - 2b) t* H
I ol e es? L

X| X*
A —4u a

o[ —4u) \Jau -7 tan

5. Conclusion

In this paper, a novel technique called the
exp(— ¢(&))-expansion method along with the fractional
transform was successfully exerted to solve the time-
fractional Klein—Gordon equations with quadratic and
cubic nonlinearities in the context of the conformable
fractional derivative. As a result, various families of
solutions, such as the hyperbolic and trigonometric
function solutions were formally achieved. The
technique is actually effective; such that it can be used to
a wide diversity of nonlinear fractional differential
equations in mathematical physics.
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