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A theoretical analysis and development of an AT-cut quartz strip mass-sensitive resonator operating at 20 MHz fundamental 
thickness-shear mode is presented in this paper. The frequency spectra of acoustic waves propagating in a quartz strip 
plate is analyzed. Quartz plate dimensions ratio is determined on the basis of the theoretical analysis results. This assures a 
dominant contribution of the main thickness-shear mode in the complex wave, with a minimal modification as a result of the 
coupling with unwanted modes. A new miniature quartz mass-sensitive resonator is designed. An experimental series of 
resonators is produced and resonators motional parameters are measured. Samples of mass-sensitive resonators can be 
investigated as high sensitive sensors for registration of noxious gases in the atmosphere, like CO2, nitric oxides etc.  
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1. Introduction 
 
The theoretical analysis is based on a previously [1] 

developed two-dimensional, semi-analytical model for 
analysis of coupled acoustic waves in quartz plates. Now 
the model is used to analyse the frequency spectra of 
acoustic waves propagating in a quartz strip plat At-cut. 
The coupling between thickness shear and flexural waves 
propagating along the plate’s width is of great importance 
in forming the complex nature of the main mode. It causes 
a modulation of the mechanical displacement along the 
width depending on the width to thickness dimensions 
ratio. According to the theory the resonator will have high 
mass-sensitivity because of its high resonance frequency 
and the small electrodes area. If there will be such a 
possibility in the future, this miniature quartz mass-
sensitive resonator can be investigated as a sensor for 
registration of noxious gases in the atmosphere.   

 
 
2. Theoretical analysis 
 
The analysis consists of several steps: solving the 

acoustic waves propagation equations and boundary 
conditions on the free major surfaces of the plate, located 
at x2 = ± h, where h is a half thickness; obtaining the 
dispersion curves giving the dependence of the frequency 
of acoustic modes propagating in strip plate cross-section 
versus the lateral wavenumber; solving the edge boundary 
conditions; obtaining the dispersion curves giving the 
dependence of the frequency versus width to thickness 
dimensions ratio; obtaining the mechanical displacement 
amplitude distribution along plate’s width for values of the 

dimensions ratio varying between 24.2 and 25.7; 
determination of the best dimensions ratio in the 
investigated interval.  

The principle of a two-dimensional semi-analytical 
model for a theoretical analysis of the frequency spectra in 
quartz strips was presented in our previous papers.  

A quartz strip cross-section is shown on Fig. 1. 

 

 
 

Fig. 1. Quartz strip cross-section. 
 
 

The first step is the analysis of guided waves 
propagating along x1 axes, i.e. the direction of the strip 
width, and having a piezoelectrically excitable component 
u1 of mechanical displacement which is simultaneously 
antisymmetric along the thickness (x2 axis) and symmetric 
w.r.t. the middle of the strip.  

In singly-rotated Y+ θ cuts, the most general form of 
solution of elasticity having this symmetry and obeying 
the free boundary conditions on major surfaces of the plate 
at x2= ± h is the following: 
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(1)

 
  
 The process of solving the elasticity equations and 

boundary conditions is realized using the computer 
program made on Scilab software.  

The dispersion curves obtained for AT-cut as a result 
of the computer program are shown on Fig. 2 where the 
ordinate and abscissa are the frequency and lateral 
wavenumber respectively normalized by the values of the 
thickness-shear fundamental C mode frequency and the 
vertical wavenumber. 

Thus, the dimensionless frequency Ω and 
wavenumber γ are defined by: 
 

             
 

This first stage of the two-dimensional model is 
rigorous and well established, and the combinations (1) 
actually describe branches of the dispersion curves as self 
consistent solutions of elasticity equations and boundary 
conditions on the major surfaces of plate located at x2 ±h. 
But, in the absence of energy trapping along x1, a single 
branch of dispersion curve cannot be a self sufficient 
solution of the vibration problem for a strip plate in the 
rectangular cross section in the (x1, x2) plane. This is 
because the form of the solution (1) does not allow to 
identically satisfy the three boundary conditions on the 
free edges located at x1 = ± w/2, (Fig. 3).  
 

 
 

Fig. 2. Dispersion curves. 
 
 

It means that the behavior of the vibration is actually 
more complicate than suggested by the solution (1). 

The edge boundary conditions are solved using 
Galerkin variational method [2] in conformity with 
Hamilton’s principle [3]: 
 

     
(2)

 
 

The problem is solved by finding a combination of 
modes from the dispersion curves. Using variational 
equation (2), the best combination is found to obey the 
boundary conditions with a minimal error. This 
mechanism was also presented in our previous work [1,4] 
concerning the development of quartz temperature sensors 
NLC-cut. 
 

 
Fig. 3. Typical form of a strip plate. 

 
 

The dimensions ratio w/2h fixes as a parameter and 
the computer program finds the corresponding root for the 
frequency. Thus the dispersion curves – frequency w.r.t. 
dimensions ratio are obtained. They are shown on Fig. 4. 
Two anharmonic modes called “mode 1” and “mode2” are 
found in the investigated interval of dimensions ratio 
values. In a present case 5 modes are included into the 
combination – these are the modes shown on Fig. 2: 
fundamental, flexural, face shear, and the imaginary parts 
of B2 and C3 modes. The coupling mechanism between 
modes leads to a modulation of the fundamental mode 
amplitude distribution as it is shown on Fig. 5. 
 

 
 

Fig. 4. Dispersion curves Ω = f (w/2h). 
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The best dimensions ratio was defined using the 
analysis results. It is in the interval of values 24.9 – 25.1 
and assures a dominant contribution of a thickness shear 
fundamental mode in the complex wave. On the next Fig. 
6 we see the opposite case when the anharmonic mode 1 
which is essentially flexure, has a dominant contribution at 
w/2h = 24.55.  
 

 
 

Fig. 5. Theoretical distribution of  u1 along the width of 
a strip with w/2h =25. 

 

 
 

Fig. 6. Theoretical distribution of  u1 along the width of 
a strip with w/2h =24.55 

 
 

3. Designing of a new quartz strip mass-  
    sensitive resonator and production of  
    experimental series 

 
A new resonator is designed in “Acoustoelectronics “ 

laboratory. The quartz strip design is shown on Fig. 7. 
Plate dimensions allow the mounting into the standard 
holder TC 39 used for quartz clock resonators. 
 

 
 

Fig. 7. Quartz strip design. 

The nominal resonant frequency is 20.1 MHz 
fundamental mode. The produced samples have gold as 
well as silver electrodes. The electrode thickness is 60 nm 
and 120 nm respectively and the plate thickness is                
~ 81 μm.   

The resonator mounted in TC 39 holder is shown on 
the picture.  
 
 

 
 
 

4. Motional parameters measurements  
 
The resonators motional parameters are presented on 

the table: 
 

 
 

The results of the measurements show that 12.5 % of 
samples have a motional resistance up to 50 Ω, 15.6 % 
have a resistance 50 ÷ 100 Ω,  and quality factor of these 
samples is between 10 000 and 50 000. 
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5. Conclusion 
 
We think that as a first attempt to realize a miniature 

quartz strip mass-sensitive resonator we have relatively 
good results. Of course it can be improved in the future 
and a new resonator can be investigated as a Quartz 
Crystal Microbalance based sensor having high mass-
sensitivity and especially as a new sensor for registration 
of noxious gases in the atmosphere, like CO2, nitric oxides 
etc.  
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