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The vertex degree of a molecular graph is the number of edges incident with that vertex. A great variety of topological
indices are used in theoretical chemistry for predicting the physico-chemical properties of molecules, and many of them
depend only on the vertex degrees of the corresponding molecular graph. Bond incident degree (BID) indices form a
subclass of the class of all vertex degree based topological indices. In this paper, general formulae are reported for

calculating BID indices of some nanostructures.
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1. Introduction

Denote the vertex set and edge set of a graph G, by
V(G) and E(G) respectively. Let |[V(G)|=n(G)=n and
|E(G)|=m(G)=m. Suppose that d, is the degree of a
vertex u € V(G) and uv is the edge connecting the
vertices u and v [1]. In molecular graphs, the vertices
correspond to atoms while the edges represent covalent
bonds between atoms [2]. The number obtained from
molecular graph, reflecting certain structural features of
the molecule is called “molecular structure descriptor”
or simply “topological index” [3]. A great variety of
such indices are studied and used in theoretical
chemistry [3-6]. Among them a large number of indices,
depend only on vertex degrees of the molecular graph
[4-6]. A considerable amount of these vertex-degree-
based topological indices can be represented as the sum
of edge contributions of graph [42-44]. These kind of
vertex-degree-based topological indices are known as
bond incident degree indices (BID indices in short)
[42,43] whose general form [8-10,42-44] is:

TI(G) = Y1<icjea 0 jXi ) ()

where 6;;is a non-negative real valued function
depending on i, jwith§;; =6;; , A is the maximum
vertex degree in the graph G and x;; is the number of
edges in the graph G connecting the vertices of degrees i
and j.

i): Let & # 0 is a real number. If 6, ; = (ij))* , then T is
general Randi¢ index [11] (variable second Zagreb index

[41] ). Moreover, if a = —% ,1,—1 then TI is Randi¢

index [12], second Zagreb index [13], modified second
Zagreb index [14] respectively.

i:1fe,; = + j)#, where 8 # 0 is a real number, then T1
is the general sum-connectivity index [15]. If = —% ,1,then

TI is the sum-connectivity index [16], first Zagreb index
[13] respectively.

iii): 16, = (”ljj_z)y, where y # 0is a real number, then
TI is the general atom-bond connectivity index [17]. For
y = i,—3 , TI is the atom-bond connectivity index [18],
augmented Zagreb index [19] respectively.

— \ A
iv): If6;; = (%:—’ ) , where 2> 0is a real number, then

TI is the ordinary generalized geometric—arithmetic index
[20]. For A =1, TIis the first geometric-arithmetic index
[21].

v):Ife;; = i , then TT is the harmonic index [22].

Vi): If6; ; = |i — j|, then T1 is the Albertson index [23].

vii): If6;; = mTl + “}1—] then TI is logarithm of the first
multiplicative Zagreb index [31].

viii): 1f 6, ; = In(i + j), then TI is logarithm of the second
multiplicative Zagreb index [31].

iX): If6;; = Ini + Inj, then TI is logarithm of the modified
first multiplicative Zagreb index [32].

Nanotechnology is a technology that deals with small
structures or small sized materials. A nanometer (nm) is one
billionth of a meter, or 10~?m . Nanostructured materials are
those with at least one dimension falling in nanometer scale,
and include nanoparticles (including quantum dots, when
exhibiting quantum effects), nano-rods and nanowires, thin
films, and bulk materials made of nanoscale building blocks
or consisted of nanoscale structures. Many technologies
have been explored to fabricate nanostructures [24].

M.V. Diudea [25, 26] was the first chemist who
considered the problem of computing topological indices of
nanostructures. A.R. Ashrafi and his co-authors [27, 28]
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continued this pioneering work of M.V. Diudea. In
recent years, the problem of computing topological
indices of nanostructures has attracted substantial
attention from many researchers [33-40].

In this paper, closed form formulae for calculating
the BID indices of several nanostructures are given.
These formulae generalize some already reported results.

2. Main results and discussion

The Nano-cones are constructed from a graphene
sheet by removing a wedge and joining the edges
produces a cone with a single regular polygon defects at
the apex. Let us denote by NCi[n] an arbitrary Nano-
cone, where k is the number of edges in the single
regular polygon and n is the number of hexagonal layers
surrounding the regular polygon (see Fig.1 for NCs[4]
Nano-cone).

Fig. 1. A NCs[4] Nano-cone [A. R. Ashrafi, H.
Shabani, Optoelectron. Adv. Mater.-Rapid Commun., 4
(2010), 1874 - 1876.]

It can be easily seen that C, [n] has S(n +1)(@Bn+

2) edges and contains only vertices of degree 2 and 3.
Moreover, the number of edges in the last layer is
k(2n + 1) from which k edges are of the type (2,2) and
remaining are of the type (2,3), hence:

X22(Cx[n]) =k, x,3(C[n]) = k(2n + 1) — k = 2nk,
k
x33(Cx[n]) = E(n +1)@Bn+2)—-k@2n+1)
Then from Equation (1), it follows that
kn
TI(Ck [n]) = Gz'zk + 92'3271]{ + 7(371 + 1)93‘3 .

This formula can be considered as a generalization
of some results already reported in [33-35].
If we substitute

i+j—-2\"°
o= (")

in Equation (1), then TI is the augmented Zagreb index
(AZI1) and hence

29kn
128

7
AZI(Ci[n]) = 8k + 16nk + Bn+1)

Now, let us compute BID indices for a special type of k-
polyomino system. A k-polyomino system is a finite 2-
connected plane graph such that each interior face (also
called cell) is surrounded by a regular 4k-cycle of side length
one. In other words, it is an edge-connected union of cells
[29]. Let us take k = 2 and denote by Z,, the 2-polyomino
zigzag chain (see the Fig. 2).

Fig. 2. The zig-zag chain of 8-cycles Z,,

For the Z,, graph, the non-zero values of x;; are given
below:

X22(Zy) = 12n+ 4, x,3(Z,) =8n, x33(Z,) =8n— 3.
Using these values Equation (1), we get

TI(Zy) = 0,,(12n + 4) + 816, 5 + 65 ;(8n — 3) 2

and by simple calculations, one have

2009 139
AZI(Ck [Tl]) = TTL - ﬁ

In [36], first geometric-arithmetic index was calculated
for Z, graph, which can also be calculated from Equation

Q).

Fig. 3. A 2-Dimensional Lattice of HC5C7[r,t] [A. R.
Ashrafi, M. Ghojavand, Digest Journal of Nanomaterials
and Biostructures, 3 (2008), 209 - 214]
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Now, we compute BID indices for some nanotubes.
In 1991 Lijima [30] discovered carbon nanotubes as
multi-walled structures. These nanotubes form an
interesting class of carbon nano-materials which can be
imagined as rolled sheets of graphite about different
axes. Furthermore, carbon nanotubes show remarkable
mechanical properties. Experimental studies have shown
that they belong to the stiffest and elastic known
materials. One of the main distinctive characteristics of
carbon nanotubes is the use of mathematical tools for
modeling of their physic-chemical properties.

& =
D

Fig. 4. A 2-Dimensional Lattice of SCsC,[r, t] [A. R.
Ashrafi, M. Ghojavand, Digest Journal of
Nanomaterials and Biostructures, 3 (2008), 209 - 214.]

-

Firstly, let us consider the H, = HC;C,[r,t] and
H, = SC5Cy[r,t] nanotubes. A CsC, net is a trivalent
decoration made by alternating Cs and C, cycles. This
net can cover either a torus or a cylinder. See the Fig. 3
and Fig. 4 for 2-dimensional lattices of H; and H,
respectively, where r is the number of heptagons in the
first row and t is shown in the aforementioned figures.
The non-zero values of x; ; for these two nanotubes are
given below [37]:

Xp3(Hy) =47, x33(Hy) = 6rt —r —4r = 6rt — 5r
Xp2(Hy) =t, xp3(Hy) = 6t, x35(Hy) =61t —7— 7t

Hence, after substituting these values in Equation
(1) we arrive at,

TI(HI) = 4’7"62'3 + 63'3 (6rt - Sr) (3)

TI(Hz) = t92_2 + 6t62'3 + 63'3 (6Tt il 7t) (4)

In [37], first geometric-arithmetic index was calculated
for HC;C,[r,t] and SC;C,[r, t]. Using Equations (3) and

(4), one can easily calculate any BID index for
HCsCy[r,t] and SCsC,[r, t] nanotubes.

Now, we consider the H; = HACsC,[r,t], H, =
HACsCyC,[r, t] and Hy = VACsC,[r,t] nanotubes. For the
figures of these nanotubes see [7, 38]. The values of non-
zero x; ; for these two nanotubes are given below [7, 38]:

x1‘3(H3) == 7", x2’3(H3) - 21", X3’3(H3) - 12Tt - 37‘

x1’3 (H4) = 21", xz‘g(H4_) = 47", X3’3(H4) = 24rt — 6r
xz‘z(Hs) = 27", x2’3(H5) = 81", X3’3(H5) =12rt — 4r

From Equation (1), it follows that

T[(H3) - T@l 3 + 27'92 3 + 93 3(127"t - 37’) (5)
T[(H4) - 27'91 3 + 47‘92 3 + 93 3(24—T't - 67') (6)

O OO
OO

boo!

33

Fig. 5. A 2-Dimensional Lattice of TUC,Cg(R)[r, t]

In [38], first geometric-arithmetic index was calculated
for HAC;C,[r,t] and HACsC4C,[r,t] nanotubes. In [7],
Randi¢ and sum-connectivity indices were calculated for
VACsC,[r, t] nanotube. Using Equations (5), (6) and (7), we
can calculate any BID index for these three nanotubes.

Fig. 6. A 2-Dimensional Lattice of TUC,Cg(S)[r, t]
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Finally, let us consider the nanotubes Hg =
TUC,Cg(R)[r,t] H, = TUC,Cg(S)[r,t] and Hg =
TUC,CeCq [r, t]. See the Fig. 5, Fig. 6 and Fig. 7 for 2-
dimensional lattices of Hy, H, and Hg respectively.
From these figures, it can be easily seen that the non-
zero values of x; ; for the He, H; and Hg nanotubes are:

Fig. 7. A 2-Dimensional Lattice of TUC,C¢Cs [T, t]

x2,3(H6) = 4’7', x3'3(H6) = 6rt — 5r
X, (Hy) = 21, x,3(H;) = 47, x33(H;) = 12rt — 8r
x2,3(H8) = 4’7', x3‘3(H8) =2rt+9r

Hence, after substituting these values in Equation (1) we
arrive at,

TI(HG) = 41‘92‘3 + 93‘3 (6Tt - 57") (8)
TI(H7) = 27‘92,2 + 47‘62}3 + 93,3 (12Tt - 8r) (9)
TI(HS) = 47’92,3 + 93,3(27’1 + 9T) (10)

In [39], first geometric-arithmetic index was calculated
for TUC,Cg(R)[r,t] and TUC,Cg(S)[r,t] nanotubes. In
[40], first geometric-arithmetic and atom-bond connectivity
indices were calculated for TUC,C4Cg [r, t] nanotube. Using
Equations (8), (9) and (10), we can calculate any BID index
for these three nanotubes.

At the end, we summarize all the results in the following
table:

Graph Value of Tl
NC kn
k[n] kez‘z + 2nk92‘3 + 7 (3n + 1)93’3
Zn 92‘2(1271 + 4) + 87192‘3 + 93‘3 (871 - 3)
HC5C7 [T, t] 47'92’3 + 93’3 (6T't - ST)
SCSC7 [T, t] t92,2 + 6t92'3 + 93'3 (67‘t -1 — 7t)

HACsC,[r, t]

T91’3 + 2T92’3 + 93’3(1271 - ST)

HACsCoC,[r t]

27"91‘3 + 47‘923 + 93‘3 (24’T't — 67')

VAC5C,[r, t]

27"92’2 + 87"92’3 + 93’3(1271 - 4T)

TUC,C4(R)[r t]

4'7‘92'3 + 93_3(67‘t - 57")

TUC,C5(S)[r, t]

27'92'2 + 47'92'3 + 93'3(127”1' - 8T)

TUC,LCoCq [T 1]

416, 3 + 035(2rt + 97)
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