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In this paper, we have studied the focusing behavior of two-dimensional Graded Index (GRIN) Photonic Crystal (PC). Two 
different structures have been considered which were labeled as the structure type Ι and the structure type ΙΙ. To create an 
index gradient, the rods (holes) radii have been varied along the direction transverse to the propagation. Several optical 
phenomena such as focusing, de-focusing, and collimation have been investigated regarding structure type I. Also, the 
focusing effect has been analyzed for the GRIN PC structure type I and type II. In addition, detailed investigations were 
carried out by comparing the focusing characteristics of two structures. The obtained results have illustrated that the GRIN 
PC type II represents stronger focusing characteristics in comparison to the GRIN PC type I. Furthermore, by increasing the 
structural length of both GRIN PCs while the normalized frequency of incoming wave is constant, the focal length decreases 
although the concentration intensity rises. 
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1. Introduction 

 

Photonic crystals (PCs) are periodic structures in 

which the refractive index varies in one, two, or three 

directions. Two dimensional PCs stand as the periodic 

arrangement of high and low refractive index in two  

dimensions. Arising from the differences between 

refract ive indices, we have the band structure that consists 

of allowed and forb idden bands. After the invention of 

photonic crystals by pioneering work of E. Yablonovitch 

and S. John [1, 2], in 1987, several special properties of 

PCs, such as super-prism [3, 4], self-collimation [5-7], 

self-guiding [8], routing [9], slow light [10] and negative-

refract ion [11] have been investigated. PCs with large 

photonic band gaps (PBG) are an appropriate choice for 

designing micro-cavities [12-14], couplers [15], 

waveguides [16-18], filters, and optical fibers [19]. 

Besides, the literature has reported the use of PCs in  

implementing various devices including laser [20], splitter 

[21-22], sensor [23], reflector, [24] and photon trapping 

/emitting structure [25]. The concept of GRIN PC, which  

has improved the ability of controlling light propagation 

direction, has been introduced by utilizing the modified  

PC. Various types of GRIN PC structures have been 

considered through the literatures [26-30]. A GRIN PC 

structure can be designed by employing the gradual 

modifications of lattice period, the filling factor or the 

refract ive index of the material, which results in the 

generation of index grad ients. GRIN PCs contain the 

potential for various applications such as wavelength de-

multip lexer [31-32], effective mode coupler, [33] and  

mode order converter [34].  As the very first work, the 

GRIN PC was proposed by E. Centeno, in 2005, for light 

bending effects [35]. One year later, a GRIN PC that 

presented mirage and super-bending effects that could be 

used for designing a bent waveguide was proposed by the 

same group [36]. A new methodology was discovered for 

designing GRIN PC structure that displayed self-

collimation and focusing effects capable of realizing the 

focusing (lens) and guiding (waveguide) effects and thus, 

more complex optical devices such as couplers  could have 

been designed [37]. A novel approach was proposed that 

for implementing GRIN PC structures has been described 

in which the lattice spacing has been altered along the 

transverse direction to propagation. In comparison to the 

traditional massive and bulky lenses, the designed GRIN 

PCs are capable of being utilized in optical systems that 

require compact and powerfu l focusing elements [38].  

Moreover, the Mirage effect  has been demonstrated by 

metallic  graded photonic crystal [39].  Parabolic and  

triangular GRIN PCs was proposed to design beam 

aperture modifier and beam deflector [40-41]. It is  

suggested to bend the GRIN PC structure in order to  

achieve GRIN waveguide fo r the purpose of bending and 

guiding light with high efficiency in the desired d irection  

[42]. It has been proposed in [43] a secant hyperbolic 

profile of effective refractive index in GRIN PC with  

varying lattice spacing in o rder to show focusing, 

diverging and collimation effect in both low and high 

frequency regimes. Although more details have been 

explored and  discovered on dielectric GRIN PC [44]. 

Moreover, GRIN PCs with elliptical elements have been 

studied for various photonic applications such as focusing 

lenses [45-47], laser light production applications [48], 

and self-collimation mechanism [49-51]. Few studies have 

been devoted to PC structures with rectangular and  

diamond-shaped elements [52-53]. To control and enrich  

the polarization insensitive ability of light the annular 

GRIN PC was proposed [54]. Besides, an adaptive GRIN 

PC lens was designed by using liquid  crystals [55]. 

Recently, the focusing effect of the GRIN PC structures 

with different refract ive index of background material has 
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been investigated by means of the effective medium theory 

[56]. 

However, in this paper, we have enquired into the 

optical effects such as focusing, de-focusing, and 

collimation. Our work has brought more details about the 

dependency of focal point position on structural length and 

variation of FWHM with respect to the number of 

columns. Focusing characteristic has been put into 

comparison regarding two different structures. One of 

them was composed of dielectric rods in air background 

and the other structure was made of air holes in dielectric 

background, while they both contained square lattices. The 

Fin ite-Difference Time-Domain  (FDTD) [57] method has 

been used to simulate the propagation of electromagnetic 

waves through the structure. Furthermore, the p lane wave 

expansion (PWE) [58] has been utilized to calculate the 

band structure. 

 

 

2. Modeling 

 
Two PC structures have been considered as the 

following:  structure type Ι which is made of dielectric 

rods in air background and structure type ΙΙ that is made of 

air ho les in dielectric background, while both of them are 

in square lattice. A GRIN PC has been designed by 

varying the rods radii in the direction transverse to 

propagation. A GRIN medium can be initiated by a PC, in  

which the rod's radii are changed while the refractive 

index of material and lattice spacing are kept intact.  For a 

certain column, rod (hole) rad ii are altered in the direction  

transverse to the propagation. In structure type Ι, rod radii 

are varied from 0.10a to 0.45 by an increased stepwise 

0.05a, while regarding structure type ΙΙ, hole rad ii are 

varied from 0.10a to 0.45a with the same increased 

stepwise but in the opposite direction. The GRIN PCs  

geometry is presented in Fig. 1.  

At first, the PWE method has been employed to 

calculate the dispersion diagram along Γ-X d irection for 

the first band of PCs with different dielectric rod (air hole) 

radii. The results are illustrated in Fig  2(a) for structure 

type Ι and through Fig. 3(a) for structure type ΙΙ. The 

increasing radius of rods, while the refractive index and  

lattice spacing are constant, results in the shift of related  

bands towards the lower frequencies. In contrast, when air 

hole radii increase, the related bands move towards higher 

frequencies. For a certain column, rods radius increases 

from 0.05a to 0.45a with step of 0.05a in which a stands as 

the lattice spacing. The value of rod radius increases from 

the edges to the center. The gradient of refractive index is  

present only in the transverse y-direction. To change the 

refract ive index of d ielectric rods, it is required to utilize 

different materials; therefore, the refractive index is kept  

equal to 2. 

 
Fig. 1. The schematic representation of GRIN PC 

structures (a) type Ι and (b) type ΙΙ, the lattice spacing is  

                    constant, but the radii are varied 

 
 

As the second step, we calcu late the group index from 

the slop information of each band involved in dispersion 

diagram, which can be done through the following  

relation:  

 

                           (1) 

 

In which c stands as the light velocity in vacuum, ω 

would be the angular frequency, and k is the wave vector. 

The group index is referred to as the effective refractive 

index ( effn ). The result is demonstrated in Fig. 2(b), 

representing the effective refractive index as a function of 

normalized  frequency for different values of rod radii 

regarding structure type Ι. Fig. 3(b) d isplays the effn  as a 

function of normalized frequency (ωa/2πc) of structure 

type ΙΙ. For longer wavelength or lower frequency, the 

effective index curves are closely spaced and thus, there 

exists a smooth variation in the effect ive index. Therefore, 

by getting closer to the edges (cut reg ion), we can observe 

a nonlinear behavior o f dispersion in the effective index 

curves. Each curve enters the cut region  at a  different  

frequency while strong dispersion can be noticed in these 

regions. As the last step, we intend to design a GRIN PC 

structure with a certain profile of refractive index in  a 

fixed frequency. This frequency is selected from the 

region that contains smooth variation in effective index. 

The GRIN PC structure is designed at a normalized  

frequency equal to a/λ=0.18. In the fixed  frequency of 

a/λ=0.18, effective index changes from 1.104 to 1.747. 

Now it is possible to calculate the effective index as a 

function of rod radius when the frequency is fixed. Fig . 

2(c) exhib its the effective refractive index as a function of 

rod radius variation for the structure type I and Fig. 3(c) 

shows the effective refractive index as a function of air 

hole radius for the structure type II. To obtain a GRIN PC 

structure with any desired profile of refractive index 

distribution in  the range of 1.457 to 1.970, it is required to  

procure the intermediate point of refractive index that 

provides a smooth variat ion in the effective index.  For 

this reason, interpolation method has been applied to 

/ ( )g kN c k 



610                                                                                      A. Gharaati, N. Miri 

 
obtain the intermediate point by fitting the effective 

refract ive index profile o f square cells with different radii 

of dielectric rod, which varies from 0.10a to 0.45a. Then, 

the desired GRIN PC structure was constructed by 

gradually changing the rod (hole) radius and having those 

intermediate 
effn values remaining in such a way that the 

concerning index distribution would become perceptible. 

 

 

  

  
 

Fig. 2.  (a) Dispersion diagram along Γ-X direction, (b) 

the effective refractive index as a function of normalized 

frequency and (c) the effective refractive index as a 
function of rod radius index (d) The parabolic effective 

refractive index curve and  radius  distribution curve  for   

    GRIN PC structure type Ι at fixed frequency 0.18 

 

 

According to the ray theory the light rays bend 

towards the higher refractive index in the GRIN media 

[59]. As it is presumed from Fig. 2(d) and Fig. 3(d), the 

effective refractive index of both structures along the 

optical axis is larger than both sides and as a result, the 

incident wave converges towards the central region.  

Both of the GRIN PC structures, type I and type II, 

are constructed from parabolic GRIN PC structure in 

which the effective refract ive index comply with the 

following relation: 

 
2 2 2 2

0( ) (1 )N y N y 
                         (2) 

 

Where 0N would be the refractive index along the optical 

axis (x-direction) which  is equal to 1.747 and 1.970 for 

structure type I and type II respectively and α stands as the 

gradient coefficient. Both of the GRIN PC structures are 

composed of 21 rows that make the y-direction in the 

range of [-10a, 10a]. The gradient coefficient of α 

regarding the GRIN PC structures, type I and type II, are 

0.078 and 0.074 respectively. The required radius values 

for the refract ive index distribution equation (2) are 

extracted from the fitting curve in Fig. 2(c) and 3(c), 

concerning structure type I and type II respectively. The 

parabolic effective refractive index curve and radius 

distribution curve for these two particular structures are 

plotted in Fig. 2(d) and 3(d). Manipulation and controlling  

light propagation in a certain d irection is based on the 

gradual changes of PCs structural parameter that 

cautiously modify the refractive index of the structure and 

result in changing the dispersion properties. GRIN PC 

structure is designed to curve the light propagation 

direction, while we have investigated beam propagation by 

studying the iso-frequency curves in wave vector space. 

Wave propagation direction is defined by the group 

velocity which is perpendicular to the iso-frequency 

curves. To achieve light bending, it  is required to modify  

the direction of group velocity that travel through GRIN 

PC. Group velocity is position dependent within a GRIN 

PC structure. 

 

 

 

 
Fig. 3.  (a) Dispersion diagram along Γ-X direction, (b) 

the effective refractive index as a function of normalized 

frequency and (c) the effective refractive index as a 

function of rod radius index (d) The parabolic effective 

refractive  index curve and  radius distribution curve  for  
      GRIN PC structure type ΙΙ at fixed frequency 0.18 

 

 

By utilizing this unique property of GRIN PC, it is 

possible to achieve continuous light bending. Although 

GRIN PCs are not strictly periodic, yet when the gradient 

of refractive index is small enough one can extract the 

optical properties from the normal PC. Arising from 

gradual changes in the filling factor of unit cells, group 

velocity seem to be position dependent and so the light 

propagation direction slowly changes as it travels through 

the structure. The iso-frequency curves of PCs that are  

made o f dielectric rods with the radius equal to 0.30a, 

0.35a, 0.40a and 0.45a are represented in Fig. 4. As it is 

indicated from Fig. 4, the iso-frequency curves are almost 

circular for the frequencies around 0.18 and the different  
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values of r/a. Therefore, we can approximate the PC 

structure as an isotropic medium. 

 

  

  
Fig. 4. Iso-frequency curves for PC structures with rod radius  

equal (a) 0.30a, (b) 0.35a, (c) 0.40a and (d) 0.45a 

 

The main content can be classified as the following: in  

the first step, optical phenomena such as focusing, de-

focusing, and collimation effect is investigated for the 

GRIN PC structure type Ι, while curving the incident wave 

fronts and creating focal point at the output of the structure 

has been monitored. In the second step, the different  

focusing characteristics of both structures have been 

enquired into and the obtained results have been 

compared. 

 

 

3. Simulation results 
 

In order to observe the focusing, collimation, and de-

focusing effects, the GRIN structure is illuminated by a  

continuous wave with a Gaussian profile that is located at 

the left side of the structure. To perceive the field  

propagation throughout the structure, the FDTD method is 

carried out and the computational domain  is surrounded by 

the Perfectly Matched Layer (PML). Focusing and de-

focusing cases are displayed in Fig. 5(a) and 5(b).  

 

   

Fig. 5. Focusing, de-focusing and collimation behaviours of 
special cases of the proposed GRIN PC type I operating at a 

fixed frequency of a/λ=0.18 are presented at (a), (b) and (c), 

respectively 

In the focusing case, we have a real focal point at the 

output of the structure while the wave fronts converge 

toward it. Regarding the de-focusing case, we have a  

virtual focal point inside the structure and the wave fronts 

start to diverge as they exit the structure. In the case of 

collimation effect, the wave fronts enter the structure and 

converge toward the virtual focal point; then, they diverge 

and exit  the structure. When the beam gets out of the 

structure, wave fronts seem to be flat  and collimated beam 

can be observed as it is demonstrated in Fig. 5(c). 

As the second step, the dependency of focal point on 

different structural lengths is investigated. The focusing 

behavior of GRIN PC structure type Ι is analyzed with  

respect to the number of columns. The number of these 

particular columns is increased and the input wave 

revolution is examined. Fig. 6 presents a collection of 

output field patterns for various lengths of GRIN PC 

structure, which were considered to be {2a, 3a, 4a, 5a, 6a, 

7a} at the normalized frequency of a/λ=0.18. Fig. 6 shows 

the spatial field distribution in which the focal point  

locality is specified by the dotted line. The objective is to 

compare the structure output distance from the focal points 

of the ones with different lengths. The structure is 

illuminated through a continuous wave with a Gaussian 

profile, in which  the source is located at the left  side of the 

GRIN PC structure. When it  is only  two columns, the 

GRIN PC d isplays focusing behavior and the structure 

effects the wave fronts by bending them slightly. 

 

 
Fig. 6. The field distribution of the focusing effect for 

different lengths of structure type Ι, the length is equal to 

2a, 3a, 4a, 5a, 6a, and 7a in (a), (b), (c), (d), (e), and (f), 

respectively 

 

As shown in Fig. 6(b), when the number of co lumns is 

increased to 3, the focusing effect seem to be more 

apparent and a real focal point is created. As it is 
illustrated in Fig. 6(a) to 6(f), by increasing the length of 

GRIN PC structure up to 7a, the focal point gets closer to 

the ending face of structure. Although in Fig. 6(b) and  
6(c), the structure length is equaled to 3a and 4a, yet there 

is not a significant difference between the positions of the 

focal point. The focusing effect is completely evident as 
the length of GRIN PC structure is increased from 5a to  

7a, which is demonstrated in Fig. 6(d), 6(e), and 6(f) 

respectively. We can deduce that a very s mall GRIN PC is  
sufficient to focus a wide input beam on a narrow area. 

According to the results of Fig. 6(a)-(f), when the structure 

length is increased, the focal point moves closer to the 
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output surface. The mentioned results also show that the 

GRIN PC can perform as an optical element, capable of 
being used as an optical lens for focusing purposes. 

In the following, we will compare the focusing 

characteristics of two GRIN PC structures, type Ι and type 
ΙΙ. The structures are excited by a wide pulse at the 

frequency of a/λ=0.18. Fig. 7 shows the field propagation 

through the GRIN PC structures that contain different  
number of columns (N) as N escalates from 1 to 7 with  

step of 2. The focal point position is marked by dashed 

lines and the distance between the output surface of 
structures and the focal point  position is defined as ∆F. 

According to the field patterns in Fig. 7, increasing the 

length of both structures leads to the following results: a) 
N changes from 1 to 7 with step-size of 2, b) the ∆F 

decreases gradually, and c) the focal point gets closer to 

the structure. Apart from these general results that has 
been extracted for both of the structures, yet there seem to 

be interesting differences among them. As it can be 

observed from Fig. 7 (a)-(d ) that relate to the structure 
type Ι and Fig. 7(e)-(g) which is associated with structure 

type ΙΙ, the way these two structures affect the input beam 

is a little  bit d ifferent.  When N is equaled to 1, the focal 
point is far from the output surface of structure type ΙΙ; but 

regarding the other type, focal point seem to be closer to  

the structure. By increasing the number of columns at the 
same time, the focal point position changes and once the 

number reaches 7, it moves toward the structure. 

 

  

 
 

  

  
 

Fig. 7. The field propagation through the GRIN PC 

structures having 1, 3, 5 and 7 columns, for the 

structures type   Ι   and   type  ΙΙ  in  (a)-(d)  and   (e)-(h), 
                                     respectively 

 

On the other hand, as it is comprehended from Fig. 7, 

structure type ΙΙ contains the broader range of focal point  

locality while more enhanced output beam is observed as 

well. In order to provide precise analyses about the 

focusing behavior of the considered GRIN PC 

configurations, we have studied the intensity profiles at the 

focal points of field distributions. The intensity profiles of 

field propagation, at a fixed frequency of a/λ=0.18 

throughout the different lengths of the mentioned 

structures, have been plotted in Fig. 8 as N= {1, 3, 5, 7}. 

 

 

 
 

 
Fig. 8. Intensity profiles for N= {1, 3, 5, 7} at the focal  

point of the GRIN PC structures (a) type Ι and (b) type ΙΙ 

 

 

In the next step, we supplied a way to compare the 

focusing behavior of both structures. In order to study the 

focusing properties of the GRIN PC structures further, two  

peculiarities have been investigated that is mentioned in  

the following: a) the Full Width at Half Maximum 

(FWHM) and b) the distance between the structure and 

focal point position (∆F). The FWHM is calculated from 

the field intensity at the focal point, while ∆F values are 

extracted from the field propagation throughout the GRIN 

PC structures. Results are shown in Table 1 and Table 2 

concerning the structures type I and type II, respectively. 
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Table 1. FWHM and ∆F values for different structural 

 length of structure type Ι 

 

N                  

                     ∆F(a)    FWHM(a)      ∆F(λ)        FWHM(λ) 
 1.22 λ 

1.14 λ 

1.09 λ 
1.09 λ 
1.04 λ 

1.01 λ 

0.99 λ 
0.98 λ 

0.96 λ 
0.96 λ 

1.72λ 

1.49 λ 

1.35 λ 

1.17 λ 
0.99 λ 

0.79 λ 

0.58 λ 

0.45 λ 

0.35 λ 
0.23 λ 

6.75a 

6.36a 

6.03a 

6.03a 
5.75a 

5.6a 

5.53a 

5.35a 

5.46a 
5.25a 

9.56a 

8.21a 

7.5a 

6.5a 
5.5a 

4.4a 

3.21a 

2.5a 

1.93a 
1.29a 

1 

2 

3 

4 
5 

6 

7 

8 

9 
10 

 

 

FWHM and ∆F values are presented in terms of the 

lattice constant (a) and wavelength (λ). Starting from N=1, 

the focal point is located at the distance of 9.56a and 19.9a 

from both of the structures, respectively. By increasing the 

number of co lumns N, ∆F decreases until it reaches 1.29a 

and 1.28a as N=10, in type Ι and type ΙΙ, respectively. 

Consequently, by escalating N from 1 to 10, ∆F moved  

closer to the structures, while  it  varied from 9.56a to 1.29a 

for structure type Ι and 19.9a to 1.28a for structure type ΙΙ. 

When the initial values of ∆F in terms  of λ is compared, it  

can be deduced that the regarding values are different as 

1.72λ versus 3.58λ, yet the last values reach 0.23λ equally. 

The second feature that brings more informat ion about the 

focusing properties of the mentioned structures is FWHM 

value. The pattern of changing FWHM with respect to the 

increasing number of columns is different for two  

configurations. As N increases from 1 to 10, FWHM 

decreases from 6.75a to 5.25a for structure type Ι and  

decreases from 6.48a to  3.55a for structure type ΙΙ. The 

FWHM results in term of wavelength (λ) unit in a similar 

manner that has been followed by both of the structures, 

would be 1.215λ to 0.94λ and 1.17λ to 0.64λ respectively. 

As it has been previously mentioned and can be clearly  

observed in Table 1, even one column is enough to 

perceive the focusing effects of the designed GRIN PCs. 

The structure with N=1 can change the spot size and 

compress the incident wave, which indicates that the 

designed GRIN PCs work very well similarly to a lens. In 

order to have more evident comparisons between the 

achieved results for the two  mentioned structures, the 

FWHM values and the maximum values of intensity at 

focal point as a function of columns number have been 

plotted. Fig. 9 has demonstrated the results for both 

structures.  

 

 

 

 

 

 

Table 2. FWHM and ∆F values for different structural  

length of structure type ΙΙ 

 

N                  

                   ∆F(a)      FWHM(a)     ∆F(λ)         FWHM(λ) 
 1.17 λ 

1.06 λ 

0.96λ 
0.87 λ 
0.80 λ 

0.75 λ 

0.70 λ 
0.67 λ 

0.65 λ 
0.64 λ 

3.58λ 

2.75 λ 

2.32 λ 

1.76 λ 
1.45 λ 

1.08 λ 

0.75 λ 

0.53 λ 

0.35 λ 
0.23 λ 

6.48a 

5.9a 

5.36a 

4.85a 
4.48a 

4.17a 

3.92a 

3.76a 

3.63a 
3.55a 

19.9a 

15.3a 

12.9a 

9.8a 
8.1a 

6.0a 

4.2a 

2.9a 

1.9a 
1.28a 

1 

2 

3 

4 
5 

6 

7 

8 

9 
10 

 

 

 

 
 

Fig. 9. (a) The FWHM values, (b) the maximum values of 

intensity at focal point as a function of columns number  

for both structures 

 

 

As it is evident from Fig. 9(a), structure type ΙΙ affects 

the incident wave more and reduces the FWHM values 

noticeably. In contrast, structure type Ι has a slower speed 

of changing the FWHM values as a function of the 

columns number. The achieved maximum values of 

normalized intensity for the structure type ΙΙ has reached 

higher values in comparison to structure type Ι. A lthough 

structure type Ι can remarkably  effect the input beam and  

focus it, yet structure type ΙΙ shows better focusing 

features. 

 

 

 

 



614                                                                                      A. Gharaati, N. Miri 

 
4. Conclusion 
 

In this study, we derived various properties that were 

related to the focusing effects of designed GRIN PC 

structures. Different optical phenomena such as focusing, 

de-focusing, and collimat ion effects have been observed 

through the structure type Ι, while, several focusing 

characteristics were extracted from the structure type ΙΙ. In  

addition, the obtained results were compared  to the 

features that have been discovered by the structure type Ι. 

The employed computational approaches were two 

methods as the following: a) Plane Wave Expansion 

(PW E) procedure that is used to derive the suitable 

frequency which in turn is applied to leg itimately show the 

focusing effect, and b) Fin ite-Difference Time-Domain  

(FDTD) method that is utilized to calculate the field  

distribution within the GRIN PC structures. According to 

the performed analysis and the previously obtained results, 

it can be suggested that the structure clearly affects the 

propagation direction of waves and we have also proved 

that fewer number of columns are enough to produce a 

focal point with strong focusing power. The 

electromagnetic field p ropagation through GRIN PC 

structures has been monitored and strong focusing 

behavior has been observed. The simulations indicate that 

the designed GRIN PC focuses the incident wave to a 

narrow area. Furthermore even one column is enough to 

observe focusing effect. As a result, the designed GRIN 

PC structures showed strong focusing behavior. In fact, the 

designed GRIN PC works very well as a lens with  

adjustable focusing features that seem to be quiet suitable 

for practical implements.  
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