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1. Introduction

The study of optical solitons has made an
overwhelming progress for the past few decades. Today
there are increasing number of papers that are being
published in this area of research [1-12]. The governing
equation for studying the dynamics of optical soliton is the
Nonlinear Schrédinger equation (NLSE). It governs the
propagation of solitons through optical fibers. The NLSE
has crucial mathematical features that interest the
Nonlinear Optics community. This equation is known to
support solitons or soliton solutions for various kinds of
nonlinearity. The nonlinearities that are studied in this
paper are the Kerr law, power law, parabolic law and dual-
power law.

The aim of the present study is to get the different
optical solitons of the generalized NLSE with various
nonlinearity by using Jacobi elliptic functions.

2. Mathematical analysis

We consider the dimensionless form of the

generalized NLSE in the form [2]
i(um)t+a(u”‘)xx+bF (|u|2)urn =0, @)

where x represents the non-dimensional distance along the
fiber, t represents time in dimensionless form while
complex valued function u represents the wave profile.
Also F is a real-valued algebraic function with the

condition g (|u|2)u -C —s c. Considering the complex plane

C as a two-dimensional linear space R? the function
F <|u|2)u is k times continuously differentiable, so that

F (|u|2)u eUn L

ck ((—n, n)x(-m,m); Rz). Since u is

a complex valued function, the solution equation of (1) can

be written in the form
u(x,t) = P(x,t)e". )

Now we choose the phase as
A(X,)=-KX+Wt+6, 3)
where K represents the soliton frequency, W is the soliton

wave number and ¢ is the phase constant. From equation
(2), we have

(u”‘) =(um‘1@+imWije‘"‘¢, (4)
t ot
2
um‘la—?—ZimZKPm‘la—P
X X _
(u"),, = oY e™. )
+m(m—1)Pm2(—] —m’k*P"
OX

Substituting (4) and (5) into (1) and equating the real and
imaginary parts yields

mpP™* »_ 2am’xP™* P _ 0, (6)
ot OX
and
2
mwP" —bF (P?)P" —aum-la—':
OX
oPY "
—am(m-1)P™? (—] +am?’x’P™ =0.
OX
Eq. (6) can be written in the form
E - 2amz<@ =0, (8)
ot OX
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For some function f and provided that v is the velocity
of the soliton, P is written of the form of travelling wave
type as

P=f(x—wt) 9)
Thus, (8) leads to
vV =—-2amx (10)

The result for the velocity of the soliton, given by
(10), is true for all types of nonlinearity in question.

The generalized NLSE will be considered for the
following four forms of nonlinearity.

2.1 Kerr Law

The Kerr law nonlinearity is the case when F (S) =.

This kind of nonlinearity emerge from the fact that a light
wave in an optical fiber faces nonlinear responses. For
Kerr law nonlinearity, the considered generalized NLSE is
given by

i(um)t+a(um)xx+b|u|2um =0. (11)
We assume that for Eq. (11) P is in the form
P(x,t) = Asn® (&, 7), (12)

with
E=B(x—-wt), (13)

where A is the amplitude, B is the inverse width of the

soliton and ¢ is the modulus of jacobi elliptic function.
The derivatives of Eq. (12) are as follows:

‘2_5= PABcn (&, £)dn(&,1)sn**(£,0),  (14)

(a_PT =_p2(f2 +1) A’B?sn?" (&,0)

OX |
+p2Aszsn2p72 (§,€)+ p2£2A2825n2p+2 (f,f),

and

(15)

0P _
e = (D pABS” (£,0)

—p(p+L—0*+pl*) AB%snP (&,0) (16)
+pl(1+ pl) AB?snP*2 (&,0).

Substituting (15) and (16) into (7) gives

mwA™sn™ (&, /)
—am(p—1) pA"B*sn™? (&, /)
+amp( p+£—£° + pl®) A"B’sn™ (&,¢)
—amp/(1+ pl) A"B*sn™"? (&, )
+am(m-1) p2(€2+1)Amstnmp(§,€) 1n
—am(m—-1) p’A"B?*sn™? (&, /)
—am(m-1) p?/?A"B2sn™"2 (&, £)
+am’x?A"sn™ (&,7)
—bA™2sn(™2? (£, /) =0.
From (17), setting the coefficients (m+2) pand mp+2
equal to one another gives
(m+2)p=mp+2, (18)
p=1. (19)

Also noting that the functions sn™*(&,¢) for
j=-2,0are linearly independent, their respective

coefficients in (17) must vanish. Therefore, this yields
w=aB’ [62 (1—m)—€—m]—am/c2, (20)

and

_bAZ 2
B=| —— | . (21)
a/m(1+/m)
Hence, for Kerr law nonlinearity, the jacobi elliptic
function solution of the generalized NLSE is given by

u, (x,t)=Asn[ B(x—vt),/ ]e"*" - (22)

where the relation between the amplitude A and the
inverse width B is given in (21), the wave number w is
given by (20) and the relation between the frequency and
velocity of the soliton is given by (10). When the modulus
¢ —1in (22), we obtain following dark optical soliton
solution

u, (x.t) = Atanh[ B, (x—vt) Je ™0 (23)

Here, B, and W, is in the form

w, =am(-2B7 —x°), (24)

—bA? 2
B=|— | . (25)
am(1+m)
To get another jacobi elliptic function solution of
generalized NLSE with Kerr law nonlinearity, we use the
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following function
P(x,t)=Acn[&,/]. (26)

For (26), one obtains

‘2_5 =—pABsn(&,0)dn(&,1)en*(&,4), @7)

(apj = p*(2¢* -1) A’B’cn’” (£,7)

x
—p* (/2 -1) A’B%en?? (&,0) (28)
_pZEZAZBZSnZPJrZ (g’g)’
and
o°P 2 2. P-2
—r=—(p-1) p(£*-1)AB’en"? (£,1)
+p(=p+0—07+2pi*)AB%en® (&,0)  (29)

—pt(1+ pl) AB’en®*? (&,7).
Thus, Eq. (7) reduces

mwA™cn™ (&, /)

+am(p-1) p(f2 —1) A"B*cn™? (&, 1)
—amp(— P+l —07+2pl? ) A"B%cn™ (&,1)
+amp/(1+ p¢) A"B%en™"? (&, 1)

—am(m-1) p’ (2é2 —1) A"B%cn™ (&,¢)  (30)
+am(m-1) p (62 —l) A"B%en™ (&, 1)
+am(m—1) p*/?A"B%cn™"? (&, 1)
+am’x?A"en™ (&,4)

—bA™2en(™2P (£,7) =0.

From (30), setting the coefficients (m+2) p and

mp +2 equal to one another gives the same value of p
which is in (19). The functions cn™" (& ¢), for
J=-2,0 are linearlyindependent, this yields

w=aB?| /* +¢~1+(m-1)(2¢*~1) a

—amx?,

bAZ E
e 32
B [aém(1+€m)} ' (32)

So, for Kerr law nonlinearity, another jacobi elliptic
function solution of the generalized NLSE is given by

u, (x,t)= Acn[ B(x—vt), 7 e (33)

where the relation between the amplitude A and the
inverse width B is given in (32), the wave number w is
given by (31) and the relation between the frequency and
velocity of the soliton is given by (10). When the modulus
¢ —1in (33), we obtain following bright optical soliton
solution

U, (X,t) = Asech[ B, (x—vt) ') - (3)

where
w, =am (B’ - ), (35)
1
bA2 E
B=|—* |, 36
' {am(1+m)} (36)

2.2 Power Law

This law of nonlinearity arises in nonlinear plasmas
and the context of nonlinear optics. For the case of power

law nonlinearity, where F(s)=s",so that the generalized
NLSE reduces to

i(um)t+a(um)xx+b|u|2”u"‘ =0. (37)

To obtain the solution of this equation, the starting
assumption for the form of P stays the same as in (12). So,
substituting (15) and (16) into (7), then setting the

coefficients (m+2n) p and mp+2 equal to one another
in the obtained equation

(m+2n)p=mp+2, (38)
that gives
1
n
setting the coefficients of sn™*(&,¢) to zero, where

j=-2,0, since these functions are linearly independent
yields

w=—%52[42+1+n(£—£2)]
(40)
—n%Bz(m—l)(E%l)—asz,
2 A2n 2
B= _bn—A . (41)
a/m(n+/m)

Thus, for power law nonlinearity, the jacobi elliptic
function solution of the generalized NLSE is given by



1084 Mustafa Inc, Esma Ates

1
u (x,t)=Asn"[ B(x—vt), |0 (42)

where the free parametersA and Bare connected as given
in (41), while the wave number is given by (40) and the
relation between the frequency and velocity of the soliton
is given by (10). When the modulus ¢ —1in (42), we
obtain following dark optical soliton solution

1
u, (x,t)=Atanh"[ B (x—vt) e ) - (43)
where

W, = —% amB’ —amx?, (44)
n
1
_ 2 A2n 2
B1 = {bn—A} . (45)
am(n+m)

Now, to look for another jacobi elliptic function
solution of generalized NLSE with power law
nonlinearity, we use the starting assumption for the form
of P the same as in (26). So, (7) reduces to a new equation.

In this equation, setting the coefficients (m+2n) p and
mp+2 equal to one another gives the same value of p
which is in (39). Again, as in the previous equation, setting
the coefficients of thelinearly independent functions
cn™ I (&,0), for j=-2,0 to zero gives

w= ni‘z B2 ne(1-¢)+m(20-1)] )

1
2 A2n 2
B= bn—A ) (47)
a/m(n+/m)

Hence, for power law nonlinearity, another solution of Eq.
(36) is given by
1
u, (x,t)=Acn" [B(x—vt),f]e'(”‘“w“y). (48)

When the modulus ¢—1in (46), we obtain following
bright optical soliton solution

—amx?,

1
Uy (X,t) = Asech"[ B, (x—vt) e (49)

where
a
Wl:?m(Bf—nZKZ), (50)
1
2 A2n 2
Bl = {bn—A} . (51)
am(n-+m)

2.3 Parabolic Law

Parabolic law nonlinearity appears also in fiber optics.
For this kind of nonlinearity, F(s)= s+k,s. In this case,

the generalized NLSE is
i(u”‘)t Jra(u'“)XX +b(|u|2 + k1|u|4)um =0. (52)

Here the constant k, binds the two nonlinear terms in the

parabolic law. We assume that for Eq. (52), P is in the
form

P(x,t)=A[ D, +sn(&,0)]", (53)

where the constant D, and the unknown index p will be

determined. The required derivatives can obtained from
(52). Substituting these derivatives in the Eqg. (7), and then

setting the exponents mp+1 and (m+2) p equal to one
another

mp+2=(m+2)p (54)
that gives
1
=_. 55
P=5 (55)

It needs to be noted that the same value of the
exponent p is yielded when the exponentsmp+2 and

(m+4) p are equated. The functions [ D, +sn(¢, g)]mp” ,
for j=-2,-1,0,1,2 are linearly independent this yields,

aB?
w= T[zz ~20-1-(m-1)(¢* +1)
+6¢(¢+2)D} +6¢*(m-1) D} (56)
—60(¢+1) Df]—amzcz,

b 2
B =2A|- , (5T
a/mD, (¢(4m—6)—6) 7
and
1
m-1)(/%+1)+ %2 +7 |
p, | (M-D(#+Y) e
(20m—-30+1)

Thus, the jacobi elliptic function solution in a parabolic
law media for the generalized NLSE is given by

1
u (x,t)=A[D,+sn(&0) ) (59)

where the relation between the amplitude and the inverse
width is given in (57) while the wave number and constant
D, are respectively given by (56) and (58). When the
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modulus ¢ —1 in (59), we obtain following dark optical

soliton solution
1

uy, (x,t)= A[Dl,1 +tan h[Bl(x—vt)]]E (60)

.ei(—:cx+w1t+9) ,
where
_ an 2 3
W= (-m+3Df,(m+2)-6D},) D
—amx?,
B,=A > (62)
amD,, (m—3)
and
m
D, = |—. (63)
"o \m-1
Now, we use the starting assumption as
p
P(x,t)=A[D,+cn(&,0) ] (64)

The required derivatives can be obtained from (64).
Similarly, substituting these derivatives in the Eq. (7), and

then setting the coefficients mp +1 and (m+2) p equal
to one another gives the same value of p which is in (55).
It is worthy of notethat the same value of p is obtained on
equating mp +2and (m+4)p.The  functions
[Dl +Cn(§,f)]mp+j , for j=-2,-1,0,1,2are linearly
independent, this yields

aB’
W:T[2£—1+(m—l)(2f2+6€2D1—1) @)
~6/D; |-amx?,
2
B=A 2 . (69)
am(1-2¢*(m-1)D,)

and

1

_[£(1—25)+(m—1)(2£2—1)f. -

| (1-0)+204(m-1)

So, another jacobi elliptic function solution in a parabolic
law media for the generalized NLSE is given by

1
u, (x,t)=A[ D, +cn(&0) ] e (gs)

where the free parameters A and B are related as seen in
(65) , the wave number and constant D, are respectively
given by (65) and (67). When the modulus ¢ —1 in (68),

we obtain following bright optical soliton solution

U, (X t)= A[Dlv1 +SeCh[Bl(x—vt):Hi

(69)
.ei(—xx+w1t+6) ,
where
aBZ 2
w = [(m-y(a+60.)-60+1] g
—amx?,
1
2 i
B A ' 71
: {am[l_z(m—l)Dl,lﬂ "
and
_ [(m-2) 72

"oy 2(m-1)

2.4 Dual-power Law

Thedual-power law nonlinearity appears in photo-
voltatic-photo-refractive materials such as LiNbOzand it is
formulated  asF(s)=s"+k,s*". This law is the

generalization of the parabolic law nonlinearity. Namely,
if n=1, the dual-power reduces to parabolic law
nonlinearity. The generalized NLSE with dual-power law
nonlinearity is given by

i(um)t +a(um)XX +b(|u|2n +k, |u|4")um =0, (73)

where, the constant k, binds the two nonlinear terms in

(73). For this law nonlinearity, the starting hypothesis for
P is given by

P(xt)=A[D,+sn(&0)]". (74)

Here the constant D, and the unknown index p will be
determined. Substituting the required derivatives in the Eq.
(7), and then equating the coefficients (m+2n) p and

mp +1 yields
(m+2n)p=mp+1, (75)

=—. 76
P=os (76)

It needs to be noted that the same value of the
exponentp is yielded when the exponents (m-+4n) p and

mp+2 are equated. Now, setting the coefficients of

[D2 +sn (5, é)]mp+j to zero, for j=-2,-1,0,1,2, gives
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W= Z—I:j[—Zn(H 2n0 —2n/? + fz)

+12n/(2n+¢) D2 ~12n7 (£ +1) D2 (77)
—(m—l)(f2 +1)+6(m—1)£2D22]—am1<2,

2n’bA%"
B= (78
am[€(3n+4€)—£2(n+2m)D2] %)
and
1
m—1)(¢2 +1)+2(=0? + 1 +1) 2

’ (Mm-1)¢°+¢(70+8)

Thus, the jacobi elliptic function solution for the
generalized NLSE with dual power law nonlinearity is
given by

1 .
u (x,t) = A[ D, +sn(&,¢) Jor e (g0)

where the relation between the amplitude and the inverse
width is given in (78) while the wave number and constant
D, are respectively given by (77) and (79). If the modulus
¢ —1, solution (80) become

1

Uy, (x,t)=A[ D, +tanh[ B, (x—vt) ] |

(81)
.ei(—zcx+wlt+0)1
where
W, =a—Bz[—4n+12n(2n+1)D2 ~24n°D?
1 4n2 21 2,1 (82)
-2(m-1)+6(m-1)D;, |-amx?,
1
2n2bA2n 2
B, = , (83
" |am[3n+4-(n+2m)D,, | ®)
and

2m
D, = ’ . 84
2 \Am+14 (49

Now, to look for the solution of Eq. (73), the starting
hypothesis is given by

P(xt)=A[D,+cn(&, ). (85)

Substituting the hypothesis into (7), and then egauting
the coefficients (m+2n)p and mp+1 gives the same

value of p which is in (76). We note that the same value of
p is obtained on equating(m+4n) p and mp+2. Then,
setting the coefficients of [D2+cn(§,£)]mp+j to zero,
for j=-2,-1,0,1,2, gives

Esma Ates
W—aBZ[2n£(€—l)—1+2£2—6£(n+ﬁ—n€)D2
 4n? ) 2 (86)
+(m=1)(2¢* ~1)-6(m~1)/°D; | -amx?,

1
B 4n*bA>" 2, (87)
a/mD, (-4(2n+¢)+2n(¢+1)-4¢(m-1))
and
1
2n(£+1)+2¢%(2-3n) |2
o, [ 2R
¢(2n+40-6n7)

Thus, finally, another jacobi elliptic function solution
for the generalized NLSE with dual power law
nonlinearity is given by

1 -
u, (X,t) = A|:D2 +Cn(§,£):|2n el(—lcx+wt+9)’ (89)
where the A and B are connected as given in Eq. (87),
while w and D, are respectively given by (86) and (88).

When the modulus ¢ —1 in (89), we obtain following
bright optical soliton solution

Uy, (x,t)= A[Dz1 +sec h[B1 (x —vt)]]% (90)

.ei(—KXerltJrH) ’
where
amB?
W, =W(1—6D§1)—amzc2, (91)
2 2n 2
B —| — MPA @
—am(n+m)D,,
and
1 [4-2n
D, == . (93)
22\ 1-n

3. Conclusions

We study the generalized form of the NLSE and we
obtain the exact solutions of this equation by using Jacobi
elliptic functions in this study. These solutions are going to
be extremely useful in the study of Nonlinear Optics, Fluid
dynamics, Plasma Physics and many other areas where the
NLSE predominantly studied.

There exist twelve Jacobi elliptic functions in the
literature. We will use two of them to find new exact
solutions of the generalized NLSE with four different
forms of nonlinearity. Other jacobi elliptic functions can
also be applied to this equation. Furthermore, we note that
this method can also be used other nonlinear equations and
systems.
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