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Optical solitons in nano-fibers with Kundu-Eckhaus
equation by Lie symmetry analysis
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This paper studies similarity solutions of Kundu-Eckhaus (KE) equation that models wave propagation in a dispersive
medium such as in optical waveguide. Lie classical method is applied to obtain symmetries of KE equation and then using
these symmetries reduction to ordinary differential equations (ODES) is obtained. The corresponding exact solutions of KE

equation are also presented.
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1. Introduction

Optical solitons in dispersive media is a very
demanding topic of research in the field of
nanophotonics [1-10]. There are a couple of models that
are studied in this context. One of them is the popular
Schrodinger-Hirota equation (SHE). There are several
results that are reported in this context. This paper
however will address another equation that is less
poipular but is gradually gaining attention currently [3,
5, 6, 9, 10]. This is the Kundu-Eckhaus (KE) equation.
Very recently dark and singular soliton solutions are
reported for this model [3]. This paper will study KE
equation from the point of view of Lie symmetry and
group analysis. There are several forms of solution that
are obtained in this paper, which will be of great asset in
fiber optics community.

2. Governing equation

The KE equation is in the following form:

i, +aq,, +bla'q+c(al),a=0 )

where g =(q(X,t) is a complex-valued function. This

equation is a nonlinear Schrddinger type. The KE
equation was presented by Calogero and Eckhaus [2] as
an asymptotic multiscale reduction of certain classes of
nonlinear partial differential equations.

3. Symmetry analysis

In this section, we will perform Lie symmetry analysis
[1,7, 8, 4] for equation (1). Firstly let us assume

g(x,t) =u(x,t) +iv(x,t) 2)

Substituting (2) into (1), and separating real and
imaginary parts, we have

u, +av, +b(u?+v?)*v+2cuvu, +2cv’v, =0  (3)

—V, +au, +b(u® +v*)*u+2cuvv, +2cu’u, =0 (4)

Let us consider one parameter Lie group of
transformation

u* —u+en,(xtu,v) (5)

V¥ >V +éan,(X,t,u,v) (6)

X*— X+ & (x,t,u,V) (7)

t* >t+er(xt,u,v) (8)

with small parameter & <<1.
The associated vector field with the above group of
transformations can be written as
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V= §(x,t,u,v)£+ r(x,t,u,v)é
OX ot (9)

o 0
+ x,t,u,v —+ X,t,U,V —
m( )au 17,( )av

Applying the second prolongation pr(z)\/ of V to
Egs. (3) and (4), we find that the coefficient functions &,

T, n, and 77, , must satisfy the invariance condition

m+an
+b(4udvy, +u'n, +5v'n, + 4uviny, +6Uvn,) (10)
+2¢c(nvu, +uu,n, +uvrn,)

+2¢(2vaV, +Vi) =0

—my +an”

+b(4Vun, + vy, +5v'n, + 4vu’y, +6uvin,) (11)
+2c(mVvv, +Uv,n, +uvn,)

+2c(unu, +u’n) =0

Substituting the infinitesimals nlt, 77; N7
into equations (6), then using the equations (3) and (4),
and equating the coefficients of the various monomials in
the first, second and the other order partial derivatives
with respect to X and various powers of U, we get the
determining equations. Solving these determining

equations, we get the following forms of the
infinitesimals
£=c,+Xc, +tc, + X, (12)
2 2
t2

r=C1+tC4+EC6 (13)

u VX 2uat + vx°
771=—VC3—ZC4—2—aC5—TC6 (14)

v ux 2vat — ux?
=uC,—-—-C,+—C.———C_ (15
m, 3T AT g ) s (15)

where C,, C,, C;, C,, C, and C; are arbitrary

constants.
Corresponding vector fields are

V= (16)

0
ot

0
V. == 17
2 X an
0 0
V,=—V—+u— 18
3 ou - ov (8)
V4:§£+tg_gi_!£ (19)
20 ot 4o0u 4ov
Vsztg—ﬂi—k%g (20)
OX 2aou 2aov
xt 0 t*o (2uat+vx)8
6___ - Y -
228 2 ot ou 1)
vat — ux?
(=== )_

Let us consider following vector fields for the reduction
of system of equations (3) and (4)

(1) uV, + AV, +V,
@V,
() Vs
@) Vs

where £ and A are arbitrary constants.

For each case, one can get the reduction using
characteristic equations:

dx dt du g

(22)
& 7 noom,

4. Similarity reductions and exact solutions
4.1 Vector field @V, + AV, +V,

Corresponding similarity variables are as follows:
&= x— 2t (23)

ity =F(£)e (24)

where & is new independent variable and F is new

dependent variable.
Substituting (23) and (24) in (1), we have following
system of ODEs

(~22 +2au)F +aiPA(2F'G + F?G") =0 (25)
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(¥ —2aiu —au’ X)FG' —aF +au’A°F" 26)
+bAF° +2cAu*F°F' =0
where prime denotes derivatives with respect to & .
Solution of ODE system (25) and (26) is as follows

F=C, 27)
C A —2a
G=(—2_+ Mevc, (9
au’AC: C,
where
aﬂZC{bfcf —aC, + X -4 au J
2,2 g4n 2 2,2,3
C,—- +4)a°u" —lau” +21a°u 29)

— X +2au+aiu’

and C,, C, are arbitrary constants.

Corresponding solution of main system (1) is as
follows

G+ ZC;C Ljaﬂ)w_m%)
q(x,t)=Ce #e (30)
where C, is given by (29).
4.2 Vector field V,
Corresponding similarity variables are
X2
c=— (31)
t
1
u=t *“H(o) (32)
1
v=t ‘G(o) (33)

where o is new independent variable and F, G are
new dependent variables.

Using the similarity variables (31)-(33) in (1), we
obtain following system of ODEs

—H -40H’' +16a0]" +8aJ’

+4bJH* +8bH2J® + 4bJ° (34)
+16¢cVoHHI +16+/5J2)" =0

J+40)' +16acH" +8aH’
+4bH® +8bH3J? + 4bHJ® (35)
+16cV/oFGG' +16cV/oH?H =0

where the prime denotes derivatives with respectto o .
4.3 Vector field V,

Solving characteristic equation (22), we have following
similarity variables

c=t (36)

i(ﬁ+Q(g))
q=p(sle * (37)
where ¢ is new independent variable and P, Q are new

dependent variables.
Substituting the similarity variables (36) and (37) into
(1), we have

2P +P =0 (38)

q —bP*=0 (39)

where the prime denotes derivatives with respectto ¢ .

Solving (38) and (39), we obtain following general
solution

p- & (40)

Je

__bC/

R

where C, and C, are arbitrary constants.
Corresponding solution of main equation (1) is given

+C, (41)

by
_x% bc
C, i .—"2+Cy)
q(xt) = —ﬁ e (42)
4.4 Vector field V,
Similarity variables are

X
o=2= 43
" (43)
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5(9) i(C+=—=T(0)
X,t) = 2 44
q(x,t) = \/I (44)

where € is new independent variable and S, T are
new dependent variables.

Now using (21) in (1) and separating real and
imaginary parts, we have

—aS”+aST’> —bS® —2cS%S' =0 (45)

2ST'+ST"=0 (46)

where the prime denotes derivatives with respect to &.
We obtain following solutions of (22)

(1) S=Cl,T:%6?+C3
1
+.¢c% = —
@ S:C_ C 94ab b,T:C1

where C,, C, and C, are arbitrary constants.

Corresponding solutions of main equation (1) are as
follows

T X
'(EJFE*?( ) Cs)

C
(1) q(x,t)zﬁ
\/_c+\/c —4ab— ) i +——c1

@ q(x,t)=

5. Conclusion

This paper studied symmetry analysis for KE
equation. The Lie classical method is utilized for
obtaining the group infinitesimals. Using obtained
infinitesimals, the KE equation is reduced to ODEsS.
Corresponding to the reduced ODEs, certain exact
solutions are presented that are going to be very useful.
The obtained solutions have also been verified by
substituting them back into the original equation using
Maple.
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