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Optical solitons of the KdV equation with power-law
nonlinearity
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This paper obtains solitons and elliptic F-function, elliptic E-function, elliptic M-function solutions to the KdV equation with
power-law nonlinearity. We consider and derive some new results using the so-called as the extended trial equation
method. By means of this method, bright and dark optical solitons as well as the corresponding singular periodic solutions

are obtained. This approach can also be applied to other nonlinear differential equations.
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1. Introduction

The theoretical research on the physical system shows
that optical solitons is still important. In order to obtain the
optical soliton solutions, it should be examined the exact
solution of nonlinear partial differential equations. There
has been an increasing attention in finding the exact
analytical solutions to nonlinear partial differential
equations by using convenient techniques. Many different
approaches have been presented in the literature to obtain
optical soliton solutions such as the F-expansion method
[1, 2], the modified simplest equation method [3, 4], the
Lie group method [5], the homogeneous balance method
[6], the sub-ODE method [7], (G'/G)-expansion method
[8-10], the trial equation method [11-13], the linear
superposition method [14, 15] and so on. Also, the authors
in Refs. [16-22] introduced new versions of the trial
equation method and so-called as extended trial equation
method to search for exact solutions of the nonlinear
partial ~ differential  equations.  Soliton  solutions,
compactons, singular solitons, elliptic integral function
solutions and Jacobi elliptic function solutions have been
found by using these methods. These types of solutions
appear in various areas of mathematical physics.

In Section 2, we implement a new trial equation
method, which is firstly defined in the paper [18], for
nonlinear evolution equations with higher order
nonlinearity. In Section 3, as an application, we obtain
bright optical soliton, dark optical soliton, singular soliton
and Jacobi elliptic function solutions to the KdV equation
with power-law nonlinearity [9, 23]

g +a(n+1)q"q, +baq,, =0, (1)
where the coefficients & and b are not equal to zero, and

N> 2. The KdV equation is very important problem in
applied mathematics and physics. The KdV equation
describes the evolution of one-dimensional waves in many

physical settings, including shallow-water waves, long
internal waves, ionacoustic waves, and more.

2. Method

The extended trial equation method

Step 1. We consider a nonlinear partial differential
equation

P(u,u,, Uy, Uy,-++) =0, )

and get the general traveling wave transformation

U(X, Xy, Xy, t) = (1), n:ﬁ(ixj—ct],
=1
®)

where A #0 and ¢ = 0. Substituting Eq. (3) into Eq. (2)
yields a nonlinear ordinary differential equation

N(U,U',U”,Um,"'):o. (4)

Step 2. From Ref. [25], the general solutions of Eq.
(4) are given as

()‘ .
u=>rI", (5)
i=0
Where

(I =A(T) = O(T)  E 4+t ED+E,

P(C) &I+ +lT+E,

(6)

From Egs. (5) and (6), we can write
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N2 _ CD(F) 2 H i-1 i
() _‘P(F)(io it J ’ "
,_Q@WYO)-(O)¥'(D)(&: i
e 2¥7(T) [g'r‘r j 6)

®(T)

+W(Z} (i —1)Tir‘2j,

where (D(F) and ‘P(F) are polynomials. Substituting
these relations into Eg. (4) vyields an equation of
polynomial Q(F) of I':

Q(M)=pJI*+--+pIl+p,=0. (9)

According to the balance principle, we can find a relation
of @, ¢ and . We can compute some values of &, &

and 0.
Step 3. Let the coefficients of Q(I") all be zero will
yield an algebraic equations system:

p. =0, 1=0,---,s. (10)

Solving this system, we will determine the values of

501...’55’ é”o’...1é’g and Tor 1 Tge

Step 4. Reduce Eq. (6) to the elementary integral form

i(n—no)=j\/z(rr):j ig;dr' (11)

Using the roots of (D(F) , we solve Eq. (11) with the help

of MATHEMATICA and classify the exact solutions to
Eqg. (2).

Application and results

In this section, we will construct traveling wave
solutions of the generalized forms of the KdV equations
by using the extended trial equation method. In order to
look for travelling wave solutions of Eq. (1), we make the

transformation q(X,t)=u(7), 7 =Xx—ct, where c

is the wave speed. Therefore, it can be converted to the
ordinary differential equation

"

~c(u(n)) +a(n+1)u (n)(u(n)) +b(u(n)) =0

(12)

where the prime denotes the derivative with respect to 7.
Then, integrating this equation with respect to 77 one time
and setting the integration constant to zero, we obtain

—cu(n7)+au™ (i7) +b(u(n)) =0,

Using the transformation

(13)

1
u=v",
Eqg. (13) turns into the equation

(14)

bnw” +b(1- n)(v’)2 —cn®v?+an®v? =0. (15)

Substituting Egs. (7) and (8) into Eg. (15) and using
balance principle yields

O=c+5+2.

By taking into account balancing procedure, we get results
as follows:

Case 1: If wetake £ =0, 0 =1 and @ =3, then

Wyt (& +&+dl+&) |, a(3&r+26T +4)
% | 2, ’
(16)

where & #0, §, #0. Thus, we have a system of

algebraic equations from the coefficients of polynomial of
I' . Solving this algebraic system, we get

Do (5270 - 25171) _h (25270 - 5171)

2 2
37 37,

o =

' 53

(17

b(n+2)(2&,7,-¢&1,)
6an’z;

_ 6ar, (5270 _5171)
- (n + 2)(25270 _glfl) ,
(18)

§o=_

where &,&,,7, and 7, are free parameters. Substituting
these results into Egs. (6) and (11), we have

dr
i(n_%):Aj 2 2 3 ’
\/rs + 3§2T0F + 3§1T0F _ T (§2T0 —2§171)
T1(2§zfo _5171) Tl(zngo _‘fﬁ) 713 (Zngo _éfl)
(19)
b(n+2) _ .
where A= ————. Integrating Eq. (19), we obtain
2an‘r,

the following solutions to Eq. (1). These solutions are
respectively:
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2A where
i(77_770)2_ ' (20) P
— r-—
I-a F(go,l):_[—dq] , @ = Arcsin (o) a3),
o V1—1%sin*¥ (0!2—0!3)
+(n—n,) =———arctan F—az , oy >ay,(21) 12 = (2, _0‘3). (24)
N2~ A (o -a)
Also a,,a, and o, are the roots of the polynomial
T—a —Ja—a. 10 %2 3
i(ﬂ—ﬂo)z In| a, o, 0,’2|’ o >a, (22) equation
\/al a, |\/l“ 052+\/0:l a2| z g g
F3+§—2F2+§—1F+§—°. (25)
2A 3 3 3
t(n-m)=——=F(@l), a>a>a, 3 gpgiting the solutions (20)(23) into (5) and (14), we
%% have
_ -1
2
q(x,t)=| 7, + 7,0 + 4nA = (26)
_ 6az, (§2T0_§1Tl) t_nJ
I (n+2)(287,-4m) ) |
1
ro+z'1a1
x,t) = _ , (27)
a(x.1) 47, (a, - a)sech? 1{a,—a [X— 6ar, (&7, —&7,) t_%J
2 A (n+2)(2&,7,-&1y)
1
T, + 0,0 n
X,t) = - 6a - (28)
G0 +7, (o, —a, ) cosech? lya-a (x— o (&% ~ i) t—%}
2 A (n+2)(2&,7,-&1,)
and
1
Z'O+T1(Z3
X,t) = 6 - - : (29)
q(x.1) 1, (@, —a,)n?| 7 _1 % [X— e () t_no}az 3
2 A (n+2)(2&,7,-&1y) a, - a,
If we take TO =—T1(,¥1 a.nd 770 =O for Slmp|ICIty, Singular Sonton So|ution
then the solutions (26)-(28) can be reduced to rational
function solution é
i 2 a(x,t) 5 ; (32)
q(x,t) = ( ] : (30) sinh“[C(x—ct)]
-at where
bright optical soliton solution ~ ~ 1 -
gntop 5 R=2AJ7, B=(r,(a,-a,))r, B=1Y% "%
2 A
q(x,t) = > , (31)

cosh” [ B(x—ct) | é:(fl(al—az))%, c-iyu-%
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Here, B and C are the amplitudes of the solitons,

while C is the velocity; Band C is the inverse width of
the solitons. Thus, we can say that the solitons exist for

7,>0.
On the other hand, if we take 7, =—-7,; and

1, =0, the Jacobi elliptic function solution (29) can be

written in the form
2

q,(x,t) = If)sn”{Di (x—ct),ﬂ} (33)

o, — Qg
1
where D =(7, (2, —a;))" and

D :L \/0’1_0‘3,0 =12).

' 2A

Case 2. If wetake e = 0,0 =2 and @ = 4then

(v) =

Remark 1. The solutions (30)-(33) obtained by using
the extended trial equation method for Eq. (1) have been
checked by Mathematica. To our knowledge, the rational
function solution, the singular optical soliton solution and
the Jacobi elliptic function solutions, which we find in this
paper, are not shown in the previous literature. These
results are new exact solutions of Eq. (1).

Remark 2. When the modulus | —1, then the

solution (33) can be converted into dark optical soliton
solutions of the generalized regularized long wave
equation

2

q,(x,t) =D tanh" [ D, (x—ct)], (34)

where o, = ar,, and C represents the velocity of the dark
soliton.

) (§0 +TE +T2E, +T%, +F4§4)(rl +2Iz, )2

4, (50 +T& +T28, + T, +r4§4)+(§1 +20&, +30%E, + 4r3§4)
V' =

So

20, (rn+2I'7,)"

: (35)

where &, #0, ¢, # 0. Respectively, solving the algebraic equation system (10) yields as follows:

5:5_12 é:_ 513
238 T 2ag

2&,T
Toz—g L
1

%5768

_&an
2128,

& b(n+2)&

°T 24an’ér,

28

(n+2)&’

(36)

where &, & and 7, are free parameters. Substituting these results into (6) and (11), we have

dr

37)

i(77_770):2A1I

S4

_6b(n+2)¢
an*&r,

When d)(r) = (F - )4 , We have

where A =

\/1"4+§31"3+§21"2+§1F+§°

S S G

. Integrating (37), we obtain the following exact solutions to the Eq. (1).

(38)
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While ®(T)=(T-,)’ (T—a,), and & >, we get

4A [I'-a,
+(n-n,)= /—
(n=m) a-o, \\I'-o

When @(F)=(F—al)2 (F—az)z, and «, > ¢, we obtain

2A In

F—a1|

i(77_770)=

o —a,

F—a2|'

While CD(F):(F—OZI)Z (FT-a,)(F—a;), and ¢ >, > &y, we obtain

When ®(I')=(T'-,)(T' -, )(T—;)(T—a,), and &, > a, > &, >z, we find

where

4A\ [T =a) (e —a) - (T as)(al a)|

—(77 770

i(ﬂ‘ﬂo):\/

4A

(al _a4)(a2 _0‘3)

¢1=ArcsinJEF_“z)(0‘1—a4),

I-o)(a,-a,)

12 = (o —a;)(e _a4).
(0‘2_0‘3)(051_0‘4)

Also a,,a,, 0 and r, are the roots of the polynomial equation

4 Saps, o0p2, S, S0

sS4 Su S

Substituting the solutions (38)—(42) into (5) and (14), we have

q(x,t) =

=0.

1]
S|

T, +na 20A
+ 2a§02—1 t—
(n+2)¢&
2
+7,| oyt 2a§A1
X 4+ 702-1t _

(n+2)&

0

\/(al a,) (o — a3) ‘\/(F a,) (o - a3)+\/(1“ o) —a,)

F(¢1’I1)’

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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r -1
16A° -
T, tno+ A (a2 al)Tl .
2 B a5, .
16A l:(al az)(x+(n+2)§lt N
2 46
q(xvt): ’ (46)
+7,| o + 16'6‘12(052_0‘1)
2 1 2
2 _ 2agr,
16A {(0{1 az)(x+(n+2)§lt un
M -4
T, + 7,0, + p— (@ -a)n
exp 172 4 2aé,t, )
2 (n+2)g 0
2 47
q(X,t)Z , (47)
+7,| a, + (a2 al)
xp al—aZL 2a&,r, t—p J 1
2A (n+2)g 0
r L
T, + 70 + (-a)n
a, —a
exp 1 %2 - 2aé,t, n 1
2A (n+2)g 0
2 48
Q(X,t)z , (48)
+7,| o + (@ -a)
1
exp "% 2ag,7, n ||-1
2A (n+2)g 0
4
T, + 1,0, — 2(0[1_0’2)(‘11‘“3)2'1 n
0 ™1
a,—a. (o, -
20, -, -, +(at; - 2, ) cOsh ( L 2)( 1 3) X+ 2800 t-n
2 (n+2)g 0
(49)
q(xt) =
+1,| 2o, )@ -a)r,
2 1
o, —a. ||, -a
20, -ty -y + (@t - @, ) COSh (1 2)( L 3) X+ 200 t-g
24 (n+2)g 0
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71(0‘1_“2)

o-a, 2{ (“1‘“3)(“2‘“4)[X+(2a§oq t%]’(“z“s)(ala“)]u

T, +0,Q, +

sn
Iy n+2)&

a,-a,

(50)

(0,-a,)

{ ol ]H(;]

a,-a, 4Al (n+2)g

+7,| a, +

For simplicity, if we take 17, = 0, then we can write the solutions (45)-(50) as follows:
1

q(x,t) {iri (alir 2A H (51)

P X—ct

S

2 16A12(al—az) |
t) = Tl oyt > , (52)
a0 =) 2, [“ +16A12—[(a1—a2)(x—ct)] J

1
n

q(x,t) = [IZZO:Q [az + eXp[EBTZX_—atlzz):l—lj } , (53)

1
n

q(x,t) = LZZO:T, (0‘1 + exp[f?:lz;fzz)] —J } , (54)

q(x,t):{iq [0{1— 2(051_052)(051_0!3) t)]J] ’ (55)

20, —a, —a +(a3—a2)cosh[Bz(x—c

1
n

q(x,wlgf,(aﬁ (al_%ﬂ%_%)&h)j'] | -

a,—a, +(a—a,)sn’(

where B _AT% B =\/(a1_a2)(0‘1_0‘3) @Z\/(al—ag)(az—%)
oea T 2A ! A
= Eaz _0‘3))((0‘1 _%;' Here, C is the velocity, and B, and B, are the inverse widths of the solitons.
a—a3 )\ a, —a,

(x—ct)

Remark 3. The solutions (51)-(56) obtained by using the extended trial equation method for Eq. (1) have not been
found in the literature, and these results are new.

Case 3. Ifwetakes =0, 6 =3 and @ =5 then
(V) = (&+TE+T2E +T°8 + T4, +T°4)
So (z‘l +27, +3¢,I7° )72

: (57)
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where & #0, & # 0. Respectively, solving the algebraic equation system (10) yields

5 _BaN G+ 729 (n+2) G, _ 2430(n+2)&zy ~10an"¢,r,
’ 4374b(n+2)7; ’ ’ 162b(n+2)7,7; ’
. 20an’s,r} £ = 10an’¢,z, £ = 2an’¢yr, 1 _

“8b(n+2)7, 27b(n+2) ob(n+2)’ ° 272" 3
_10an’*z,7; +729(n+2) &7
- 54n* (n+2) 7,7,75

where &, £, 7, and 7, are free parameters. Substituting these results into Egs. (6) and (11), we get

(58)

dr

+(77—f70)—3A2I\/ ’ (59)

e +QF4 +§F3 +é1“2 Jril“+é
s Ss s & S

b(n+2
where A2 = |- Z(anzr ) Integrating (59), we obtain the exact solutions to the Eqg. (1) as follows:
3
2
(5~ 1y) = e, (60)
(T-ay)
-«
3A2Arctanh{ 2 }
+(=ny)= a-a, | 3AT -a, (61)
+ )= ,
(al_az)g (&) (T-a)

6A,Arc tan{ - }

£(n-1,) =~ Y N o S (62)
(n=mm) (0!1—0!2)% JT-a (a,-a,)
I'-a
6A,Arctanh &
+(n-m,)= a{aazaa}[\/ 1_ _\/ 1_ j’ (©3)
-6, (T=,)(T=) +i(E(p..,) - F (2,.1,)))
+(7-1) = \/F—al(al—az)(al—%) ' 9
i(n—no)=_GiAz(F(%’IZ)_H(%’n’IZ)), (65)

\/az_as (al_aZ)
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where

E(¢2'|) j\j _I sin \Ple F(¢|'I|) J\/m

dv
M(g,.n.1;) = j a
1+ nsin ‘I’)\/l I, sin 2
— _Arcsin |1 =%, 2=%4"%
a,—a, o, —a,
@, =—Arcsin —%’_az, 12-% "% a“, n=%2"% (66)
I'-«q, a, — o, a, — o,
Also o, a,, a5, &, and g are the roots of the polynomial equation
spotpéysaps fop2 bipy g (67)
5 5 55 5 §5
Case 4Ifwetakee =1, 0 =1 and 8 =4 then
vy - (&+TE+T75+ %+, )
4T, |
((GHTE)(6+2rG +30°E +41°%%, )¢, (& +T 6 + T4, +T°5 + T ) (68)
2(¢,+T¢,)
where &, #0, &, # 0. Respectively, solving the algebraic equation system (10) yields
4a’n'Siry +b(n+2)& (b(n+2) &z, —4an’¢,rf )
v 2abn? (n+2)&,7,7, '
o b(n+2)¢, . abn® (n+2)¢, (&7 + &yt ) —b* (n+2)° &&,rtl —4a’n*irie!
. 2an’z, ' 7’ abn’ (n+2) ¢,z '
§ 4abn2(n+2)§o§4r§—rf (bz(n+2)2 ‘§0§4+4azn4§027§) c 2&n2§0Tg+b(n+2)§OT12 (69)
3= rov T

2abn’(n+2)¢,zin, n*(n+2)¢,z

where &,, &,, 7,, §, and 7, are free parameters. Substituting these results into Egs. (6) and (11), we get
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F+@

¢
A 1 dr. (70)
77 770 J. érg+ér2+ér+i

Si S S S

Integrating (70), we obtain the exact solutions to the Eq. i(’?-ﬂo)= _ZiA(§o+§1a1) (E(%JG)_H(%,MG)),
(1) as follow: (“1—“2)\/§1(§o+§10‘1)
(75)
+(n-my)=—A 1 Arctanh{ ,gﬁ—q} where
Cotéiy Co Sy . . g“l(l"—al)
@, =1Arcsinh  |[———=,
A G +al Cotéiy
r_al gl ,
(71) |j: §0+§1051 7 (76)
€V1 (al_az)
/_{o Jflal Arc tanh[ /—?:?r }
2A 1 12 _
Hn=m)=—— (pS:Arcsinh{ 4% az},
R §0+§la2Arctanh{ Lotol } I'-a
0 TG,
(72) 2 So+in
|5 =m, (77)
\/(F_al)go"'QF S ’
i(77_770):2'6‘ gl(r_az)z ) . la
- —iArcsi /M
4i rl—az(E(¢4,|4)—F(¢41|4)) @, =1Arcsinh g“l(l“—az)’
(73)
oA |2:§1(0‘2_O‘3) n:é/l(az_%)_ (78)
i(ﬂ_%):ﬁE(%als), (74) ° Cot 1, Gt G,
2-
Case 5. Ifwetakee =1, 6 =2 and & =5, then
W) - (&+TE+T"E+T6+T'E, +T°5)
(;’0 +F§1)(z‘l+21“rz)72 (79)

where 55 #0, g # 0. Respectively, solving the algebraic equation system (10) yields

ac, (an’¢,r2 +2on(n+2)&z, ) _1,(an*,z, +20(n+2)¢, )
2b(n+2)7,(an’¢,r, —2b(n+2)&,)" 4b(n+2)z,

ffo:_
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407 (n+2)° &1 +4b(n+2) &7, (2b(n+2) &7, —an’¢} )+ an’srs (5an’g,r! +4b(n+2) &7, )

1

4b(n+2)z,7,(2b(n+2) &, —an’s,r, )

(20(n+2) &7, +an’¢,r )(4b2 (n+2)° &&,r, +5a°n*¢ el — 2abn? (n+2) &, (38,77 — &7 ))

o 4b(n+2)z,7,(an’¢,r, —2b(n+2)§4)2

i _an’yr +2b(n+2) &7,
° 2b(n+2)¢,—an’s,r,

;o 2b(n+2)¢&, +an’s,r, a(rz(Sanzgorf+8b(n+2)§272)—2b(n+2)§4rf)
177 1C=—

2an’z, 2(n+2)rz(an2§072—2b(n+2)§4)

where §2, 54, 7, 4’0 and 7, are free parameters. Substituting these results into (6) and (11), we have

1“+§O
1 dr,
1“5+é1"4 Jrél"3+él“2+él"+é
55 55 55 55 55

b(n+2
where A, = |- ( ) Integrating (81), we obtain the exact solutions to the Eq. (1) as follow:
an’r
2

When d)(F) = (F - a1)5 , We have

i(?]—no)=A3J.

2 Sotle,

(1 —1m)=- [ jz-
3\/ é/l(élo + é/lal)z I'-a

If we take CD(F) = (F - a1)4 (F - az) and o, >, , then we get

(§o+§1a2) |n| ' |
A 2\/;'1(0(1 —a,)(So + i) |K (0)+&o (@ =20, ) = G + L(r)|

" - + 1 (§0+§1F)(F—a2)
F_al é/l

i(n_ﬂo):

where

K(F)= (é/o +2¢, _é/laZ)r’

L(F)z 2\/(§o +§1F)(é’o +§1a1)(r_0‘2)(0‘1 _az) -

While CD(F) = (F - a1)3 (F —a, )2 and ;> a,, we obtain

(80)

(81)

(82)

(83)
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go +§1F
_2A3 é,l(r_al)

o -, N o+, Arctan \/(F_al)(élo-'_é/laZ) .
\}4/1(0‘1_0‘2) (al_aZ)(§O+§lF)

If we take dD(F) = (F - al)z (F -, )2 (F - a3) and ;> a,>a,, then we get

i(ﬂ_ﬂo):

YIn| % -1

|
-A, |P(F)+§0(a2—2a3) G, +Q( )|
CRTANA +Z|n|R(F)+§O(a1 20,)— S0, + S F)I

i(’]-%)Z

I'-a,

where

Y = Co T 012,
o, — 05

P(F): 2\/(4/0 +4/1F)(é/o +§1“2XF_a3Xa2 —0!3), Q(F)=(§O +24,a, _§1a3)r’

7 - ,§o+§1a1 ’
o —

R(F): 2\/(4/0 +4’1F)(§o +§1a1)(r_0‘3)(0‘1 —0!3) ,

S (F) = (é/o +2¢0 _§1a3)r'

When d)(F) = (F - a1)3 (F -a, )2 (F - 0!3) and o, >, >, , then we obtain

“-m) = 24 ,/fg“lf)a o)

@, = arcsin \/(F—a3)(a2 _al) ’

T -a)(a, —ay)
12 = (& + S —a,) .
! (,—a,)(S, +&1ax3)

If we take CD(F) = (F - 051)2 (F -a, )(F -y )(F - a4) and o, >a,>a;>a,, then we get

(84)

(85)

(86)

(87)

(88)

(89)
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1~y

2(a, —a4)£Wn(¢8,n,lg)—43+_%%F ((PSils)j

a,—a,

H(n-mn,)=

where

0, = arcsin \/(F_a4)(a3 —0!2)

, (90)
(o _az)\/é,l(az _as)(go +é’10(4)
12 = (S0 + &) (a, —a,)
(F_az)(ag_a4), ° (0{2—0{3)(404-4'10!4) ,
n=— (o — ;)3 — ) (91)

(@, —as)(a, —a,) I

3. Conclusion

In this study, we applied extended trial equation
method to the KdV equation with power-law nonlinearity
and constructed the bright and dark optical soliton
solutions, elliptic function and Jacobi elliptic function
solutions to this nonlinear physical problem. These
solutions will be very useful for the study of nonlinear
optics, nonlinear optical materials, fluid dynamics, plasma
physics and many other areas. The results obtained with
extended trial equation method are new and explicit forms.
Afterwards, the focus will be on the application of
supplemental integration techniques to acquire dark and
singular optical solitons together with bright-dark combo
optical solitons. Consequently, this method can be used as
a suitable technique for nonlinear partial differential
equation to obtain different types of optical solitons.
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