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Propagation properties of Bessel beam from right handed
material to double negative material slab system

LONG JIN", XINGQIANG ZHANG
Department of Basic Science, Hubei University of Automotive Technology, 167 Checheng West Road,
Shiyan City 442002, Hubei province, China

Based on light transfer matrix and Collins integral equation, the evolution of first-order Bessel beam’s nomrmalized intensity
distribution on emergent surface, its side transmission view in cascaded slab system with three negative refractive index
parameters of Double negative material (DNM) including lossless and losses are discussed. Results show that the original
incident Bessel beam can reappear in a certain of location by using lossless periodic slab system with negative index
materials as long as the negative refractive index ni=- nr and each DNM unitlength L=Z, or quasi-periodic slab system while
ni=-n;. As to losses periodic slab system contained DNM, larger the damping factors yeand (or) ymare, more serious Bessel
beam deformation is formed. we also propose a ring resonator sensor to measure the concentration of starch solution under
the rules of above beam transmission theories, functional relation between nomalized maximum intensity of emerging
Bessel beam and starch solution concentration are investigated by fit linear method, and the curve assuredly reaches to high
precision and linearity. It is expected that the proposed ring resonator sensor and the corresponding conclusions can be

useful for precise optical measurement, especiallyfor food safety inspection.
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1. Introduction

Four-mode differential laser gyro (FMDLG) is one of
the significant sensors in inertial navigation guidance, of
which the cavity structure is made up of ring resonator [1].
In order to achieve high sensitivity, high-precision and
wide-dynamic range measurement, two beams that split by
rotatory components and formed a certain frequency
interval modes are operated in ring resonator [2]. These
beams usually are Gaussian models. However, the field
distortion of Gaussian beam caused by diffraction effect
always occurs when wave propagates in free space or
medium surface, which restricts Gaussian beam’s
application [3]. For the past few years, much interest has
been exhibited in the propagation and characterization of
non-diffraction beams [4-5]. Bessel beam, which makes up
one of the families of non-diffracting waves, was firstly
proposed by Durnin in 1987 [6]. The analytical solution of
Bessel beam was obtained by solving the
time-independent Helmholtz equations or the Maxwell
equations [7]. The remarkable properties of Bessel beam
are self-accelerating, self-breathing, self-reconstructing
and symmetric, non-spreading central main lobe [7-8].
Zeroth-order Bessel beam has a large bright center
intensity. High order Bessel beams, also known as
dark-hollow beams, whose center intensity is zero but
possess angular momentum [9], which is very useful in
precise optical detection, optical coherence tomography,

charged particles and neutral atoms guidance, optical trap
(optical tweezers) and optical micro operations [10-12].

Meanwhile, considerable attention has also been paid
to metamaterials so-called negative index materials (NIMs)
[13-15]. Double negative material (DNM) [16] with
simu ltaneous permittivity ¢ and permeability x sometimes
is known as left handed material (LHM), of which the
extraordinary electromagnetic (EM) properties was firstly
proposed by \elesago [17]. In addition, there is single
negative material (SNM) among which only one of the
EM parameters is negative; this material includes the mu
negative media (MNGM, &>0, pu<0) and the epsilon
negative media (ENGM, <0, u>0) [18-19]. NIMs have
many markedly novel phenomena, for example, beam
focusing and phase compensation, large negative lateral
shift [20], negative refraction EM energy [21], inverse
Cerenkov radiation, reverse Doppler Effect and negative
reverse pressure [17]. Seeing that NIMs have become a
very interesting subject on multilayered structures like
photonic crystal fiber in both theoretical and applied
research for recent years [22-23], other periodic-structure
materials like cascaded slab system [24] contained NIMs
may also demonstrate intriguing characteristic and deserve
research.

In this paper, we systematically discuss Bessel beam’s
intensity profiles on emergent intersecting surface, its side
view when beam propagates in cascaded slab system. The
rest of the letter is organized as follows: firstly, the general
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formula of Bessel beam propagating through the paraxial
optical system is calculated in the space domain by
transfer matrix and the Collins integral. Then, the patterns
of first-order emerging Bessel beam’s intensity distribution
on slab surface are further explored, the side view of this
beam propagating in cascaded slab system with three
different negative refractive index parameters of DNM
including lossless and losses are discussed as well.
Furthermore, a ring resonator sensor used to detect
concentration of starch solution is designed for what is
believed to be the first time. Finally, some important
conclusions are summarized.

2. Physical model and formulae

The schematic diagram of the cascaded slab system is
shown in Fig. 1. The medium layer with red colour stands
for right handed material (RHM) and the light blue is NIM,
it has been given that a material with left handed character
can only be achieved through dispersion, therefore, we
choose isotropic DNM, and its relative permittivity and
permeability are given by the Drude model [25]

2

w
&(@)=1-—">—, (6]
o(w+iy,)
2
a) m
H () =1-——"— @)
o(o+iy,)

where wpe and wpy are the electric plasma frequency and
the magnetic plasma frequency, respectively, y.,ym denote
the electric and magnetic damping factors. The frequency
v=wl(2r) is measured in 10° THz, where o is circle
frequency of the input wave. The length of each DNM unit
is L. In general, the formula of DNM’s refractive index is
expressed as following

rlI == \/ & (a)) My (60) (3)

With regard to RHM, the refractive indexand the length of
each unit are n, and Z, respectively.

Bessel beam
*r—

(0]

Fig. 1. Light path schematic diagram of cascaded slab
system contained DNM

Consider a cluster of high order Bessel beam
propagating from O point along the direction of arrow line,
the wave electric field at z=0 (O point) plane can be
described [26-27]

2
E(r,6,2=0)=J, (ar) xexp(—%) xe M (4)

23

where J,(.) denotes the nth-order Bessel polynomial, n is
the order of Bessel polynomial, r, ¢ and z are the radial,
azimuthal and longitudinal components, respectively. o
denotes the radial wave vector, wy is beam waist and e'’is
the phase term of the beam, it is obvious that each order
Bessel beam behaves circular distribution, only the e™
across the annular spectrum can distinguish different
orders of them. The propagation of Bessel beam through
paraxial optical system can be calculated by the Collins
integral

E(r,,0,, :—E ik E(r,6,2=0
(r.,0,,2) = () exp(ika) [ E(5,0,2=0) o

ik
exp{ﬁ[Arl2 +Dr} —2r,r, cos(6, - 6,)]}r,dr,d6,
where 1=632.8 nm is the input wave length, k=2x/1 is the

wave number. A, B, C and D are the transfer matrix
elements of the total paraxial optical systems T, and

A B

T= (6)

Let us introduce now some useful transfer matrices of
basic optical medium, e.g. [26, 28]

M () :((1) ’1() @)

denotes transfer matrix of wave traveling x distance in the
air.

When beam propagates from RHM into DNM slab,
the transfer matrix form in RHM-DNM interface can be
written as

10

M(n,n)= n (®)
r 0 _r
nI

In the same way, DNM-RHM interface transfer matrix

is
1 0
M(n,n )= o ©)
nf
1 0
R(O=| 1, (10)
f
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denotes transfer matrix of wave reflecting off a concave

mirror, where f=r/2 indicates focal length of concave

mirror, and ris its curvature radius.

By cross-producing those transfer matrices

in

accordance with the order of the wave propagating from
air to the cascaded slab system, we obtain the general
formula of Bessel beam propagating through the paraxial

optical systemin space domain

ikz —|n€}2 4
E(r,,0,,2) =(- —)e L_MX
o 2B
H 2 2 2
exp['kDrz _«a +(kr_2/B) 1xJ( kat,

2B A(l/ o? —ikA/2B)

2B(~i/ & —KAI B)

1)

and the beam intensity is easily gained by using complex

conjugate of E(rp, 95, 2)

Ho

where c is the speed of light in vacuum.

3. Results and discussion

The first-order Bessel beam normalized transverse

|E(r,,60,,2) o E(1,, 0, 2) [

12)

intensity distribution profiles before and after wave

passing through cascaded slab system (AB); with three
negative refractive indexes are depicted in Fig. 2, here A
and B stand for RHM and DNM, respectively, m=2 is the
period number of cascaded slab system. Firstly, lossless

DNM is chosen and its related parameters are set as

7e=ym=0. We assume @, =a, =27vx~2, 27vx255

and 27vx~f3.1, where v=c/A=4.74 X 10*Hz, which result
in corresponding refractive indexes n;=-1.00, -1.55 and
-2.10, respectively. n,=1.55 is kept constant, wy=0.1 mm,
the Rayleigh length of the beam is Zg= 7 wq /2=4.9646 cm,
L=2=25 Zg fixed. By making a comparison of Fig. 2(a)
and (b), it is clearly seen that the incident Bessel beamand

emerging Bessel beam’s normalized transverse intensity

distribution profiles are exactly alike when cascaded slab
system contained DNM’s abs(n;)=n,=1.55. While n;=-2.10

the emerging beam’s maximum intensity decreases to

about 0.25 times of the incident Bessel beam seen from
colour bar of Fig. 2(c). As to n; =-1.0 in Fig. 2(d), not only

the emerging beam’s maximum intensity decays rapidly,

but also the spot size more than threefold increases on

emergent surface, hence, the transmission beam quality is
the worst of all.
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Fig. 2. High order Bessel beam intensity profiles before
and after wave passing through cascaded slab system
(AB), versus three negative refractive indexes with n=1,
0=2.4048 X 10°mtw=0.1 X 10°m, n=155 Zz
=4.9646cm, L=Z=2.5Zy and 4 =632.8nm fixed. (a)
incident Bessel beam distribution, (b) emerging Bessel
beam distribution, DNM$ wpe=wpn= 27vx+255 (C)
emerging Bessel ~ beam distribution, DNM 5
wpe=wpm=27vx~[3.1, (d) emerging Bessel beam
distribution, DNM $ wpe=pm=27v x~/2
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The intensity evolution of first-order Bessel beam
propagating in cascaded slab system (AB), is deeply
investigated in order to show how wave transfers from
RHM to DNM, we mainly display the side view of Bessel
beam propagating in (AB), changed with three negative
refractive indexes in Fig. 3, the arrow lines show different
material boundaries. It is easily found from Fig. 3(a) that
the central dark core of Bessel beam is propagation
invariant over a finite distance at begin, and diverges in
the rest of first RHM; negative refraction would occur
when beam passes through the RHM-DNM interface, that
is to say, both incident beamand refracted beam are on the
same side of the interface normal; then beam converges in
the next DNM, and gets back to its original pattern at the
first end of DNM, this phenomenon is called Bessel beam
divergence caused by each RHM can just be compensated
by the right adjacent DNM, in other words, the incident
Bessel intensity profile and emerging beam feature are
completely the same as long as L=Z regardless of whether
period number m is, related schematic drawing is
displayed in Fig. 3(b). while nj=-2.10 and L=2=2.5 Zz in
Fig. 3(c), beam divergence when traveling in each RHM
cannot be absolutely compensated by the following DNM,
therefore, the emerging beam’s maximum intensity
decreases along with increasing of period number m. Now
an urgent issue naturally arises: How long the DNM is
needed to just compensate beam divergence when
n=-2.10?

The required length of DNM to exactly compensate
divergence in RHM can be calculated through light
transfer matrix, when Bessel beam cuts through the first
RHM and DNM, the transfer matrix T can be described as

1 0 1

TAB 10 1L an 2

= = X X X X

¢ o) lon)lo 1)70 =0 1)0 =
[ r

(13)

By substituting Z=2.5Zg, n,=1.55, nj=-2.10 into Eq. (13),
we obtain the analytical transfer matrix element B

B=- 0, 027
21" 24521

(14)

therefore, the required length for just compensating
divergence in each RHM is L=3.5Zz. The side intensity
view of Bessel beam propagating in quasi-periodic slab
system with Z= 2.5Zz and L=3.5Zg arranged alternatively
is depicted in Fig. 3(d), an interesting effect observable in
this simulation is that the refracted Bessel beam gets back
to its original feature at the end of each DNM, showing a
very good agreement with our theoretical analysis.
Conversely, the necessary length of DNM to just
compensate divergence in each RHM when n;=-1.00 is
smaller than 2.5Zg. After substituting Z=2.5Zz, n,=1.55
and n; =-1.00 into Eg. (13), analytical transfer matrix
element B can also be described as

Bo_ 4987 (15)
24521

thus, the required DNM length of this quasi-periodic slab
systemis L=1.7Zg, we also display the simulation result of
its structural model with Z= 2.5Zz and L=1.7Zz arranged
alternatively in Fig. 3(f). While L=2.5Zz fixed, the
reappeared original Bessel beam feature bends again in the
rest of first DNM seen from Fig. 3(e), as a result, the
emerging beam diverges each other at the end DNM of
slab system, leading to a severely distorted beam quality.
Since ideal Bessel beams could be extended to infinite
space and have infinite energy, they are generally
unobtainable in the laboratory, whereas, the above
discussion regulate

quasi-Bessel beam by using cascaded slab with different

provides an efficient way to

negative index materials.


javascript:void(0);

624 Long Jin, Xinggiang Zhang

X( g )+

0 2.5Z5 5.0Z¢ 7.5Z5 10Z5
2(Zs)¢
V] 2.5Zx 5.0Zs 7.5Z5 10Zx.
2z (Zs)¢

(b)

Object plane

n=1.55 n=-1.55

o
‘ -
o

0 25Zy 6.0Z; 8.5Zz 12Zz¢
2(Zy)¢

o] 2.5Z5 5.0Zs 7.5Z5 10Zx
2 (Zg)

0 2.5Zx 4.2Z3 6.7Zy 8.4Zx
2(Zg)+

Fig. 3. Side view of Bessel beam propagating in each RHM and DNM unit successively changed with three kinds of DNMs
(a) DNM s wpe=wpm= 27vx~[2.55, (b) principle diagram that beam divergence can just be compensated by each DNM,
() DNM s wpe=wpm= 27vx+f3.1 , (d) Bessel beam transmission in quasi-periodic slab system, Z=2.5Z, L=3.5Zz,

(€) DNM s wpe=wpm= 27vxJ2 , (f) Bessel beam transmission in quasi-periodic slab system, Z=2.5Z, L=1.7Z¢

In practice, losses in DNM are inevitable. In this
subsection, the relation between emerging Bessel beam
intensity profiles, corresponding side transmission views
in cascaded slab system (AB), and different damping
factors are discussed. We assume @ pe=wpm=27vx+/2.55,
other parameters are chosen as in Fig. 3, the results are
shown in Fig. 4. It is easily acquired that the emerging
beam intensity grows steadily worse and spotsize enlarges
rapidly when beam propagates in each RHM and DNM
unit with the increasing of damping factors. When
7e=ym=0.01v, the beam transmission deformation and
emerging beam quality are rarely affected from Fig. 4(a)
and (b). Whereas, as ys=ym=v, the maximum emerging

beam intensity decreases to about 0.07 times of the
incident beam intensity seen from Fig. 4(e), which
manifests beam’s attenuation and diffraction of each ring
become more and more obvious, thus, It is difficult to
ensure remote beam transmission or evolution in optical
communication.
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Fig. 4. Emerging beam intensity profiles and corresponding side transmission views with different damping factors, other parameters
are chosen as in Fig. 3 except DNMs wpe=wom=27vx~[2.55 fixed (a) emerging beam intensity profiles, ye=y»=0.01v, (b) side
transmission views, y.=yn=0.01v, (c) emerging beam intensity profiles, ye=yn=0.1v, (d) side transmission views, ye=ynm=0.1v, (€)
emerging beam intensity profiles, ye=ym=v, (f) side transmission views, ye=ym=v

Now, we propose a ring resonator sensor, of which the
light path schematic diagram is depicted in Fig. 5 [29], to
measure the concentration of starch solution based on the
above theories. Mirror A, Mirror B represent plane mirrors
and Mirror C, Mirror D are the concave mirrors with
curvature radius r=2.5 m. The single cavity length is

1=0.15 m. Active medium with its output wavelength
A=632.8 nm is installed in the center of the two plane
mirrors. The cascaded slab system (AB),is located in the
center of the two concave mirrors, where each A is the
space filled with starch solution, B stands DNM with its
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wpe=a)pm=27f‘/><*/2-55 fixed, L=2=0.25Z in order to

match the standard size of ring resonatorsensor.

= © \ =
g g
w - \ >
Slab system
s z
S =
- <
o o

Fig. 5. Ring resonator light path schematic diagram

While Bessel beam propagates a circle from point O
along the allow line, the emerging beam intensity
distribution on the plane Mirror A cross section when each
space A is full of purified water and 20% starch solution
are exhibited in Fig. 6. It is clear that the normalized
maximum beam intensity to 20% starch solution is bigger
than that to purified water seen from color bars of Fig. 6(a)
and (b), where the emerging maximum intensity while
wave passes through ring resonator sensor with slab unit
n,=1.55 is chosen as the normalization coefficient.
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Fig. 6. Emerging intensity distribution on the intersecting

plane of Mirror A. (a) emerging beam intensity

distribution to purified water, (b) emerging beam
intensity distribution to 20% starch solution

In order to have a better understanding of operating
principle of this ring resonator sensor, specific analysis is
shown as below:

The empirical formula between starch solution
concentration and its refractive index is [30]

0 =572.3xN-762.3 (16)

where N is refractive index of starch solution and ¢ is
solution concentration. When different concentration of
starch solution is filled with space A, the relation between
normalized maximum emerging beam intensity and
solution refractive index is shown in Fig. 7. It is acquired
that the normalized maximum intensity gradually becomes
bigger while refractive index of starch solution increases,
which indicates the starch solution concentration can
affect the evolution of the Bessel beams as well like other
RHM. Moreover, the curve possesses a good linear
property, which provides reliable guarantee for next
precise measurements.

0.8
2
2
g 075
=
e 079
>
£ oes
g

0.60
o
(5]
N
= 055
£
S 050
zZ

1.32 134 1.36 138 1.40 1.42

Refractive index

Fig. 7. Relation between normalized maximum intensity
and starch solution refractive index. Other parameters
are chosen as in Fig. 6

0.8l

0.75

0.70|

0.65

0.60|

0.55f

0.50|

Normalized maximum intensity

045—gp—01 02 03 04 05

Starch solution concentration
Fig. 8. Relation between normalized maximum intensity
and starch solution concentration. Other parameters are
chosen as in Fig. 6
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The normalized maximum intensity on plane Mirror A
cross section changed with different starch solution
concentration is explored. The ultimatum is exhibited in
Fig. 8, and the curve reaches to high linearity coincidence
with our assumption. The mathematical relation between
normalized maximum intensity of emerging Bessel beam
intensity and starch solution concentration is quantitatively
investigated by linear fitting method and the formula is

1 =0.49313+0.5577x 06 7)
where | signifies the normalized maximum intensity. The
statistics of Adjusted R-square and Residual Sum of
Squares of the formula are 0.99986 and 6.15626 X 10°. As
what can be seen from the above parameters and linear
equation, this ring resonator sensor demonstrates excellent
linear correlation and statistics, we are sure that the
rational using of it in concentration detection will become
a necessary and useful supplement to chemical sensor.

4. Conclusion

In summary, we have studied the evolution of first
order Bessel beam propagating in cascaded slab system
(AB), contained DNM based on transfer matrix and
Collins integral equation. It is revealed that the original
incident Bessel beam can reappear in a certain of location
by using lossless periodic slab system with negative index
materials as long as nj=- n, and each DNM unit length L=2Z,
or quasi-periodic slab systemwhile nj==-n,, the conclusion
is very important to form stable and excellent beam quality.
As to losses periodic slab system contained DNM, larger
the damping factors y.and (or) y. are, more serious Bessel
beam deformation is formed. Meanwhile, we have also
proposed a ring resonator sensor to measure the
concentration of starch solution, of which the operating
principle is thoroughly analyzed, the functional relation
between normalized maximum intensity of emerging
Bessel beam intensity and starch solution concentration is
given by Eq. (17), the mathematical results reach to high
precision and linearity. It is expected that the proposed
ring resonator sensor and the corresponding conclusions
can be useful for precise optical measurement, especially
for food safety inspection.
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